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Abstract
Alhaidari, Salah M.S.M.E. Department of Mechanical and Materials Engineering, Wright State
University, 2017. A Look at the Optimum Slope of a Fixed Solar Panel for Maximum Energy
Collection for a One Year Time Frame.

A rule-of-thumb for orientating fixed solar panels for optimum yearly collection of solar
radiation that is not influenced by atmospheric effects is to face the panel due south in the Northern
Hemisphere or due north in the Southern Hemisphere and to tilt the panel from the horizontal plane
at an angle equal to the latitude of the location of the solar panel. The work presented in this thesis
shows that this rule-of-thumb is an approximation for no-atmosphere, panel orientation; but not a
precise value. This project presents a detailed method for determining the precise optimum tilt
angle of a fixed solar panel that captures the most solar energy from the sun for the cases of noatmosphere and clear atmosphere, over the course of a year, for any azimuthal orientation,
including due south and due north azimuthal orientations.
The mathematical development of the integral equations used to obtain these optimum tilt
angles is presented in detail and some discussion of the numerical technique used to solve them is
given. Results from the analysis are given for many azimuthal angle orientations for both Northern
and Southern Hemispheres. This work shows that the optimum tilt angle for maximum, noatmosphere, solar radiation capture for due south and due north facing solar panels in the Northern
and Southern Hemispheres, respectively, is close to the latitude angle for low latitude locations,
but noticeably different at higher latitudes. The deviations between the rule-of-thumb results and
results when the effects of a clear atmosphere are included in the analysis increase.
The results calculated as part of this work indicate that the optimum tilt angle deviations
from the rule-of-thumb and the optimum tilt angles published by many investigators who have
iii

included cloudy atmospheric effects in their analysis are not solely due to clouds or a clear
atmosphere, as many of these investigators have concluded. A portion of these differences is due
to the sun-earth geometry ignored by the rule-of-thumb, but included in this work.
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Chapter 1. Introduction

The concerns of toxic pollution, acidic rain, fuel leakage, nuclear radiation, and global
warming motivates people to search for alternative means to produce power instead of the
traditional sources such as fossil fuels and nuclear energy. Furthermore, these traditional sources
can decrease or disappear with an increasing demand for energy in the upcoming decades. Now,
people ask what happens if the known energy sources vanished or are greatly reduced? What
happens if the prices of producing power jump as these sources decline? However, people should
think out of the box and find new available and sustainable sources. Recently, renewable energy
plays a significant role in the electric power production due to their availability, good economics,
and environmentally friendly features [1]. There are many types of renewable energy sources
such as wind, geothermal, biomass, tidal, and solar. Solar energy is becoming one of the most
remarkable renewable energy technologies in the world. This kind of renewable energy converts
sunlight into electric or thermal energy by using photovoltaics or solar thermal collectors.
Many characteristics make solar energy technology unique and different from other kinds
of renewable energy. Due to no emissions being released, it is considered an environmentally
friendly. Because the sun comes up every day it is considered a secure source of energy. Solar
energy harvesting systems can easily scale to varied sizes and there exists many ideas for
implementation: such as panels, roof tiles, and paints. Flexibility in mounting and the small
amount of maintenance required for solar panels make them attractive. In addition, solar energy
systems can be easily implemented in remote areas without the need for long power lines. The
fact that solar panels can directly deliver electrical energy is advantageous, as the need for an
electric generator is removed. Vast amounts of solar energy are available on the surface of the
earth with all locations receiving at least some sun. Even though solar panels are still a little
expensive, cost has been dropping exponentially and continues to drop. In some areas of the
1

world and the United States solar energy is a cheaper way to produce electricity than traditional
methods. Over the last 40 years the rate of solar system installation has increases exponentially.
The amount of energy output by a solar panel depends on the solar radiation collected by
that panel. In order to capture the most no-atmosphere, radiant energy a solar panel should
continually have its normal surface vector along the same line as the beam radiation from the sun
[2]. That is, the solar panel should be oriented so that the incidence angle, the angle  shown in
Figure 1, is zero. It is not possible to do this at all times of the year when a solar panel is fixed at
one tilt angle. Thus, one has to ask the question, what is the best fixed tilt angle to capture the
most no-atmosphere radiant energy over the course of a year? The common answer to this
question for due south facing panels in the Northern Hemisphere and due north facing panels in
the Southern Hemisphere is to tilt the solar panel at an angle equal to the latitude of the solar
panel’s location. This optimization for a fixed solar panel could be done for one year, one
season, or one-month time frame.
For yearly optimization, there is a rule-of-thumb for orientating photovoltaics panels that
says the maximum amount of solar radiation impingement on a fixed solar panel, for a one-year
time frame occurs when the solar panel is tilted from the horizontal by an angle equal to the latitude
of the panel’s location. Since two angles define the orientation of a solar panel more information
on the optimum orientation needs to be stated. The two angles defining the orientation of the solar
panel are the tilt angel and the azimuthal angle of solar panel. The other angle that remains to be
stated is the azimuthal angle. For Northern Hemisphere solar panels the azimuthal angle of the
panel should be due south and for Southern Hemisphere solar panels the azimuthal angle of the
solar panel should be due north. Many books have been mentioned this rule-of-thumb as well as
many research papers [2]–[9]. At the same time, many researchers have found the yearly optimum
tilt angle to be a little different than that stated by the rule-of-thumb [10 - 12]. The deviation
between the optimum angle predicted by the researcher and the rule-of-thumb differs depending
on the location of the panel. This should lead one to ask, how precise is the rule-of-thumb for
predicting the optimum, no-atmosphere, tilt angle? It is well known that this rule-of-thumb is an
approximation, but how approximate? It is not believed that this has been shown in the literature,
even though this rule-of-thumb appears to be widely used.
In this project, a precise evaluation of the fixed tilt angle that gives the most incident solar
radiant energy over a one-year time frame is calculated and results are presented. This thesis
2

provides a new technique to calculate the exact optimum tilt angle over a year that has not been
presented in the literature up to this time. These calculations are done for the case where the
atmosphere is not present and the case where the atmosphere is included but is devoid of clouds.
The mathematical model used to determine these results is developed and described in detail in
this thesis. The reasons for the differences between the precise, no-atmosphere results presented
in this paper and the approximate results obtained from the existing rule-of-thumb are discussed.
The primary objectives for performing this analysis are to see what approximations exist in the
rule-of-thumb, to better understand the deviations that have been shown by many investigators
from the rule-of-thumb, and to see the effects that just the atmosphere, no clouds, has on the
optimum tilt angle.

Figure 1: Surface slope and azimuthal angles, as well as the incident angle,
for a solar panel.

1.1. Solar Collectors
There are two main types of solar energy collectors: photovoltaic panels and solar thermal
collectors. Characteristics, structures, and the functions of each of these types of solar collectors
are presented in this section.

3

1.1.1. Photovoltaic Panels
A photovoltaic panel is a device that converts electro-magnetic energy from the sun to
electrical energy. This is all done within the photovoltaic material, with no macroscopic moving
parts. The solar photovoltaic panel is comprised of a combination of solar modules, which is
comprised of a combination of solar cells. The solar cells are connected in parallel and/or series to
provide a desired output voltage. These solar cells are made from semiconductor materials of
which silicon is the most widely used. The absorption of electro-magnetic energy (light) from the
sun is done by valance electrons of the atoms which make up the semiconductor. These electromagnetic waves can be looked at as being comprised of a large number of photons. Photons are
particles of electromagnetic energy. If the energy of a photon is greater than the energy gap
between the valance band and conduction band, a photon can make an electron jump from the
valance band to the conduction band. If the photon has an energy less than the energy gap of the
semiconductor, the photon may pass through the material causing no changes or be absorbed by
the semiconductor and converted into kinetic energy of the atoms that shows up as heat. This is
not desirable and the goal of a photovoltaic panel is to produce electricity.
It is important to evaluate the performance of a photovoltaic panel. The efficiency of a solar
cell can be determined by dividing the generated electrical power by the amount of delivered solar
irradiance incident on the panel. Many factors can affect the performance of the photovoltaic panel
and reduce the conversion efficiency. This efficiency depends on the semiconductor material and
its structure. Solar cells can be made of crystalline silicon, mono-crystalline or polycrystalline, or
from thin films that could be amorphous silicon, CdTe (cadmium-telluroid), and CIS/CIGS
(cadmium-indium-gallium-selenide and copper indium gallium diselenide) [13]. The solar cell
could be multi-junction where many layers of varied materials that have different energy band
gaps are stacked one upon the other. This enhances the conversion efficiency of solar cells up to a
high value of 44.4% as compared to about 20% for mono-crystalline solar cells [14]. As well as,
the wavelength intense irradiance impinging on the PV panel per unit area of that panel. The lower
spectrum irradiance energy provides the lower generated power. Furthermore, increasing the air
temperature of the solar cells leads to a drop in the generated electrical power by a photovoltaic
panel. Increasing the solar radiation falling on a panel will increase the power output of the panel
and increase efficiencies slightly as well. Figure 2 below shows the effect of the solar irradiance
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on a solar panel’s current and voltage, therefore its power, and Figure 3 shows the effect of solar
cell temperature on the on the photovoltaic panel’s current and voltage [7].

Figure 2: I -V curves that show the effect of incident irradiation fluxes on
photovoltaic panel performance [7].

Figure 3: I-V curve that shows the effect of temperature on photovoltaic
panel performance [7].
1.1.2. Thermal Solar Collectors
A solar thermal collector is a device that converts the electro-magnetic energy from the
sun into thermal energy of a fluid. There are two types of solar thermal collectors: a flat plate
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collector (solar thermal panel) and a concentrating collector. These two types of solar thermal
collectors are described below.

1.1.2.1. Flat Plate Panel
A flat plate panel can be looked at as a special type of heat exchanger that transfers
thermal radiation on the sun exposed side of the panel to thermal energy of the fluid in the flow
passages of the panel. The main parts of a flat plate panel are the absorber plate, the cover plate
or glazing, the flow tubes, the side and back insulation, and the frame of the panel. The capture
efficiency of these collectors is generally higher than photovoltaic panels because the thermal
radiation from the sun is simply being converted to internal thermal energy of a working fluid,
instead of making the transformation to electrical energy. The main applications for flat plate
panels are heating buildings, water heating, pool heating, and some low temperature industrial
heating processes. Flat plate panels are not used for electricity generation because the
temperatures are too low. Since flat panels are installed in fixed orientations, the energy collected
by flat plate panels can be enhanced by optimizing the orientation of these panels for a particular
location. This orientation optimization can be done for any time period such as a single season or
the entire year. The performance of a flat plate panel depends on the amount of energy absorbed
by the collector and the heat loss from the collector. To calculate the amount of absorbed energy,
the beam, diffuse, and ground reflected components of solar irradiance need to be determined.

1.1.2.2. Concentrating Collectors
This type of thermal collector is more complicated than a flat plate panel and can obtain
higher temperatures as well. While the higher temperatures are a benefit in a number of ways,
concentrating collectors have higher costs and more maintenance requirements. The main parts
of a concentrating collector are the frame, the receiver where the radiation is absorbed, the
aperture where the radiation enters the collector, and the concentrator, which is a device that
focuses the radiation. The concentrator are a type of optics inserted between the aperture and the
absorber so that the solar radiation spread across the large area aperture can be directed towards a
small area receiver. The purpose of the concentrator is to increase solar radiant flux.
Concentrators can be imaging or non-imagining, reflectors or refractors, linear or point focusing,
and continuous or segmented.
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Concentrating solar collectors are suitable for electrical power generation due to the
higher temperatures produced in the working fluid. This provides reasonable conversion
efficiencies that are required for economical electric power generation. Any concentrator that has
a high enough concentration ratio, so that the working fluid reaches temperatures suitable for
electric power generation, has to track the sun during the day and cannot be used in the fixed
orientation. The type of tracking used for concentrating collectors are single axis tracking, two
axis tracking, continuous tracking, and discrete tracking. The performance of concentrating
collectors depends on the amount of absorbed energy and the heat losses from the receiver.
Designers try to increase the area of the aperture to increase the collected radiation and minimize
the area of the receiver so that heat losses are minimized. In other words, the area concentration
ratio needs to be higher. A higher concentration ratio means higher fluid temperatures can be
obtained.

1.2. Fixed Solar Panels
The amount of power generated by a photovoltaic panel depends on the amount of
radiation impinging on the surface of the panel. The more solar irradiance, the more electricity
generated by the solar system. To achieve the maximum energy captured by the solar panel, the
sun’s rays should be perpendicular to the solar panel surface each instant during the day. To
achieve this at every moment of the day, tracking needs to be used. Since tracking mechanisms
are expensive, fixed solar panels are used for most solar PV installations. The orientation of a
fixed solar panel is defined by two angles: the tilt angle which is the angle between the panel and
the horizontal and the azimuthal angle which is the angle between due south and a projection of
the panel’s surface normal onto a horizontal plane.
The orientation of a fixed solar panel can be optimized to capture the maximum solar
irradiance impinging on the surface of the panel. The more aligned the normal of the solar panel
is with the sun’s rays, the more the collected solar radiation. Since installing a fixed solar panel
with an optimum orientation, as opposed to a non-optimum orientation, comes with no increase
in installation cost for ground mounted systems, it makes sense to know this optimum tilt angle.
For optimum azimuth angle, it has been found that the solar collector should face due south in
the Northern Hemisphere and due north in Southern Hemisphere. For the slope angle of the solar
panel, there are many researchers that have been investigating the optimum, fixed, solar panel
7

orientation. A fixed solar panel tilt angle can be optimized yearly, seasonally, or monthly. For
yearly optimization, there is a rule-of-thumb that says that the orientation of the solar panel
should be equal to the latitude location of the panel. Even though, there are many investigators
that have found there are small deviations from this rule-of-thumb, this rule is still mentioned by
several books and research papers. For seasonally and monthly optimization, some researchers
have studied this and these will be presented in the literature review chapter of this thesis.

1.3. Levels of Optimum Tilt Calculations
For the demands of this thesis and to present the most common methods to evaluate the
optimum tilt, three levels of calculations are discussed in this section. These three levels of
calculations have to do with how the atmosphere is treated in determining the solar energy
impinging on the solar panel. These levels are
1. no-atmosphere,
2. clear-atmosphere, and
3. cloudy-atmosphere.
1.3.1. No-Atmosphere Level
The no-atmosphere solar radiation level of modeling completely ignores the atmosphere.
In this model, the solar radiation is taken to be direct radiation hitting the surface panel without
being impeded or scattered by the atmosphere. Also, no solar radiation is reflected from the
ground for this level of calculation. This type of solar radiation is called extraterrestrial radiation
or the radiation outside the earth’s atmosphere. This is an appropriate name because the solar
radiation in this model represents the beam radiation from the sun without any alterations, just
like outside the atmosphere of the earth.
The angle of incidence, which is the angle between the sun’s rays impinging on the solar
panel and the surface normal, is the most significant angle that is related to the amount of solar
radiation impinging on a solar panel. Keeping this angle equal to zero, which means the sun’s
rays are perpendicular on the solar panel, leads to maximizing the beam solar radiation captured
by the solar panel. To achieve this at every instant, a two-axis tracking system must be used. For
a fixed or single axis tracking solar panel, the angle of incidence should be minimized as much
as possible to maximize the collected solar radiation. Mitchell and Braun [15] were the first
researchers to develop mathematical models to find the optimum orientations of single axis
8

tracking, solar panels without atmosphere effects. Mitchell and Braun did this for a number of
different types of single axis tracking such as east-west axis trackers, north-south axis trackers,
and vertical axis trackers.
In essence, the no-atmosphere level of solar energy calculations only looks at the beam
component of the radiation and ignores the diffuse and ground reflected radiation. The noatmosphere level for optimum tilt angle calculations still provides useful information, even when
there is an atmosphere. This is so because the beam component of solar radiation is generally the
largest of the three components of solar radiation reaching the earth’s surface when there is an
atmosphere. These three components are the beam, the diffuse, and the ground reflected
components. While the amount of the beam radiation reaching the earth’s surface is certainly
lower if clear atmosphere and cloud effects are considered, the angle of incidence does not
change. This means the optimum orientation of a solar panel to collect the most beam radiation
possible is not affected, since the optimum orientation is a function of the direction of the beam
radiation, not its magnitude.

1.3.2. Clear-Atmosphere Level
The second level of solar radiation calculations is the clear-atmosphere level. This level
calculates the terrestrial solar radiation for a cloudless sky as a function of several terms such as
site latitude, elevation angle of the sun, azimuthal angle of the sun, aerosol concentration, and
various other terms that specify how the atmosphere affects the sun energy as it passes through
it. The clear-atmosphere model includes the beam radiation component, the diffuse radiation
component, and the ground reflected radiation component of the solar radiation reaching the
panel. This makes the clear-atmosphere model more complicated than the no-atmosphere model.
The earth’s atmosphere consists of gas molecules, dust, and other particulate matter. The
concentration of these particles varies according to the weather condition, the location, and the
pollution sources. Solar radiation can be scattered, absorbed, or reflected when it passes through
the atmosphere. Basically, about 25% of the solar radiation impinging on the outer edge of the
earth’s atmosphere at solar noon for a clear sky never reaches the surface of the earth [16]. For
this reason, the amount of extraterrestrial solar radiation is more than the solar radiation that
reaches the earth’s surface.
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Several models have been developed to evaluate the amount of solar radiation that
impinges on a solar panel for a clear atmosphere. The degree of simplicity depends on the
parameters included in the model’s calculation. Simple models depend on the distance the sun’s
rays must pass through the clear atmosphere and the location of the panel; while complex models
include weather and environmental conditions. At this time, there do not appear to be any
publications determining the optimum orientation for fixed solar panels under clear-atmosphere
conditions. There has been some work done on optimum orientations of tracking solar panels in
clear-atmospheres. This work was done by Gugale for two and one axis tracking panels in his
thesis entitled “Development of Analytical Equations for Optimum Tilt of Two-Axis and SingleAxis Rotating Solar Panels for Clear-Atmosphere Conditions” [17], but the work presented in
this thesis appears to be the first time this is done for fixed solar panels.

1.3.3. Cloudy-Atmosphere Level
For this level of solar energy calculation, the amount of solar radiation includes the
effects of clouds and the random nature of when clouds are present. Just like the clearatmosphere model, beam, diffuse, and ground reflected components of the solar radiation hitting
the panel are included in the cloudy-atmosphere model. Even for very cloudy days, when the
direct sun is blocked by the clouds, there is some amount of solar radiation reaching the solar
panel. The amount of solar radiation that reaches the solar panel depends on the cloud
distribution and the opaqueness of the clouds. There is no known equation that estimates the
amount of solar radiation in a cloudy sky. The only way to calculate the amount of solar
radiation on cloudy days is by using measured data. A great deal of experimental data is
available for solar radiation impinging on a horizontal surface located on the ground, on an
hourly bases. Computer programs and numerical techniques are used to estimate the optimum
orientation for a fixed solar panel using experimentally measured solar radiation data.

1.4. Important Angles for Solar Energy Calculation
A list of angles that describe the orientation of the solar panel and the angular location of
the sun in the sky are presented in this section. These angles, their names, and the symbol used to
represent them are listed below with a short description of their meaning.
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Sun Angles
• Declination Angle () - the angel the sun’s rays make with the equatorial
plane of the earth, this angle varies between -23.45o < o
• Latitude () - the angular position on the earth north or south of the
equator, this angle is positive in the Northern Hemisphere and negative in
the Southern Hemisphere and takes on values between -90 o <  o
• Zenith Angle (z) - the angle between the sun’s rays and a vertical line on
the earth’s surface, this angle is equal to the incidence angle for a
horizontal surface. 
• Solar Altitude Angle (s) - the angle between the sun’s rays and a
horizontal plane on the earth’s surface, this angle is the complement to the
zenith angle.
• Hour Angle () - the longitudinal angular displacement of the sun from
the latitudinal location of the solar panel, this angle is negative before
solar noon and positive after solar noon. 
Solar Panel Angles
• Slope Angle () - the angle between the horizontal plane of the earth and
the plane of the solar panel, this angle varies between 0 o <  < 180o where
°means the solar panel facing the ground.
• Surface Azimuth Angle () - the angle between due south on the surface of
the earth and the projection of the surface normal onto a horizontal plane,
if the solar panel is pointing west of due south this angle is positive and
negative if the solar panel is pointing east of due south.
Sun-Solar Panel Angle
• Angle of incidence () - the angle between the direct radiation from the
sun and the solar panel surface normal, if this angle is greater than °the
sun is shining on the back of the panel.

1.5. Objective of this Work
Increasing demand for energy motivates people to find alternative means of power
production. Recently, solar energy has become one of the most remarkable sources of electrical
energy production. The amount of output power produced by a photovoltaic panel depends on
the amount of captured radiation from the sun. To capture maximum radiation, two-axis tracking
has been used to keep the sun’s rays perpendicular to the solar panel surface. Since these types of
tracking mechanisms are expensive, a fixed orientation solar panel is generally used. It is
possible to increase the captured radiation of a fixed photovoltaic panel by optimizing the slope
angle of the panel. Finding the optimum tilt angle can make a difference in the output power of
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the solar panel with no additional cost in the initial installation. This difference may be
insignificant for domestic uses, but may be important for large solar farms.
The main goal of this project is to develop a mathematical model and determine the
optimum tilt angle of a fixed solar panel for a one-year period and compare the result with the
standard recommendation. Analytical equations have been derived that calculate the optimum tilt
of a photovoltaics panel. In the first part of this work, a relationship is developed at the noatmospheric level. The results of this equation are compared to the standard rule-of-thumb
results, where the annual optimum tilt equals the latitude of the location of the solar panel. In the
second part of this work, a relationship is developed at the clear-atmosphere level. The results
from the clear-atmosphere level are compared with no-atmospheric results to show the effects of
the atmosphere. The cloudy atmosphere level of calculations is not addressed by this thesis, but
some results from the literature at this level of calculation are presented.

1.6. Thesis Outline
This thesis contains six chapters that discuss all aspects of this work. An introduction and
background for solar energy, photovoltaic solar panels, and solar thermal concentrators has been
given in Chapter 1. Three levels of calculations that effect the value of solar radiation on the
surface of the earth have been discussed in Chapter 1, and these levels are no-atmosphere, clearatmosphere, and cloudy-atmosphere. Chapter 2 of this thesis provides a literature survey which
explains investigations that have been done to calculate the optimum tilt for a solar panel for all
three atmospheric levels. An analytical equation to find the optimum tilt angle of a fixed solar
panel, for a one-year time frame, at the no-atmosphere level, is developed in Chapter 3. Chapter
4 presents the development of an analytical equation to find the annual optimum tilt of solar
panel at the clear-atmosphere level. Chapter 5 presents all the results and graphs from both
atmospheric levels studied in this thesis. These results and graphs were obtained by solving the
analytical equations provided in Chapters 3 and 4. The results in Chapter 5 are compared to the
rule-of-thumb results as well. A detailed discussion of these results is given in Chapter 5.
Finally, Chapter 6 provides some conclusions drawn from this work.
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Chapter 2. Literature Survey

This chapter presents research that has been done to find the optimum tilt angle for solar
panels under different atmospheric levels. The focus is on fixed panels, but an exception is made
for the clear-atmosphere level because it appears that no fixed panel orientation optimizations
have been done.

2.1. No-Atmosphere Model
The no-atmosphere model is the rule-of-thumb that has been mentioned in Chapter 1.
This rule-of-thumb states that the tilt of the panel should be equal to the latitude of the location
and the azimuthal orientation should be due south in the Northern Hemisphere and due north in
the Southern Hemisphere. In mathematical form this rule-of-thumb is
𝛾={

0
180

𝑖𝑛 𝑡ℎ𝑒 𝑛𝑜𝑟𝑡ℎ𝑒𝑟𝑛 ℎ𝑒𝑚𝑖𝑠𝑝ℎ𝑒𝑟𝑒
.
𝑖𝑛 𝑡ℎ𝑒 𝑠𝑜𝑢𝑡ℎ𝑒𝑟𝑛 ℎ𝑒𝑚𝑖𝑠𝑝ℎ𝑒𝑟𝑒

(2.1)

and
𝛽 = 𝜑.

(2.2)

This well-known rule-of-thumb for orientating solar panels optimizes the amount of solar radiant
energy impinging on a fixed solar panel over the period of one year. Specifically, this rule-ofthumb applies only to radiation that is not affected by the earth’s atmosphere, but often this ruleof-thumb is used to orientate solar panels on the surface of the earth that capture solar radiation
that is altered by the atmosphere. The atmosphere alters solar radiation by decreasing the amount
of beam radiation reaching the surface of the earth and adding two other components of solar
radiation: diffuse radiation from the atmosphere and diffuse radiation reflected from the ground.
In many cases the beam radiation is dominant, and this is the reason the rule-of-thumb developed
for the no-atmosphere level works for the cloudy-atmospheric level.
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A number of no-atmosphere models exists for different types of tacking. These models
can be found in references [7], [15], and [18].

2.2. Clear-Atmosphere Models for Tracking Panels
Only two models were found that calculate the optimum panel orientation for solar panels
at the clear-atmosphere level. These models have been put forth by Gugale [18] at Wright State
University. These models provide equations for the optimum slope of a solar panel at the clearatmosphere level for single-axis and two axis tracking. The single axis configurations studied are
horizontal, east-west axis and horizontal, north-south axis. The main equation used by Gugale
[18] for the optimum tilt angle is
𝑡𝑎𝑛 𝛽 = 𝑡𝑎𝑛 𝜃𝑧

𝑐𝑜𝑠(𝛾𝑠 −𝛾)
𝜏𝑑 𝜌𝜏𝑑 𝜌
−
− +1
2𝜏𝑏 2𝜏𝑏 2

.

(2.3)

.

(2.4)

For two axis tracking this equation reduces to [18]
𝑡𝑎𝑛 𝛽 = 𝑡𝑎𝑛 𝜃𝑧

1

𝜏𝑑 𝜌𝜏𝑑 𝜌
−
− +1
2𝜏𝑏 2𝜏𝑏 2

Just like for the no-atmosphere case the optimum azimuthal angle is
𝛾 = 𝛾𝑠

(2.5)

For a horizontal, east-west, single axis, tracking mechanism the optimum panel tilt angle is [18]
𝑡𝑎𝑛 𝛽 = 𝑡𝑎𝑛 𝜃𝑧

|𝑐𝑜𝑠𝛾𝑠 |
𝜏𝑑 𝜌𝜏𝑑 𝜌
−
− +1
2𝜏𝑏 2𝜏𝑏 2

.

(2.6)

For a horizontal, north-south, single axis, tracking mechanism the optimum panel tilt angle is
[18]
𝑡𝑎𝑛 𝛽 = 𝑡𝑎𝑛 𝜃𝑧

𝑐𝑜𝑠(𝛾𝑠 −𝛾)
𝜏𝑑 𝜌𝜏𝑑 𝜌
−
− +1
2𝜏𝑏 2𝜏𝑏 2

.

(2.7)

For the cloudy-atmospheric work done in this thesis, the work done by Gugale [18] is he
starting point. The differences between the work done here with clear-atmospheres and that of
Gugale, is this work looks at fixed solar panels.

2.3. Cloudy-Atmosphere Studies
Like the clear-atmosphere level of modeling, it is hard to develop detailed theoretical
models to estimate the optimum tilt angle for a solar panel under a cloudy sky. Many parameters
affect the behavior of the clouds during the year. These behaviors vary from time to time and
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location to location across the globe. Cloud cover can be looked at as being somewhat random in
nature, but there are underlying trends in cloud cover for particular locations. The best way to
model solar radiation reaching the surface of the earth at the cloudy-atmosphere level, is to use
measured data and an hour-by-hour numerical calculation of the solar radiation reaching a given
solar panel. This is done for several different tilt angles and the one with the highest incident
solar energy is the optimum tilt angle. Even though theoretical models do not seem to exist in the
literature, a number of empirical models have been developed. A few of these are given below.
In addition some results from detailed hour-by-hour numerical calculations using experimentally
measured data are given in this section.
A number of people attempting to determine an optimum tilt of their solar panel in realworld cloudy conditions simply default to the using the no-atmosphere rule-of-thumb discussed
in Section 2.1 of this Chapter. This rule-of-thumb is mathematically stated in Equations (2.1) and
(2.2). There are many studies [10 - 12] that have compared the results from this rule-of-thumb to
more detailed calculations and show that it produces reasonable results for a one year time frame.
A more complicated analytical model than the rule-of-thumb for a cloudy-atmospheres
has been presented by Lewis [9]. Lewis’ model calculates the optimum tilt angle using monthly
̅ T , data for a one-year period as
daily average radiation, H

𝛽 = 𝑎𝑟𝑐𝑡𝑎𝑛

̅
∑12
𝑖=1[𝐻𝑇 𝑡𝑎𝑛(𝜑+𝛿)]
.
̅
∑12
𝑖=1 𝐻𝑇

(2.8)

Lewis used this model to find the optimum slope for four sites in the state of Alabama which is
located between latitudes from 30.5° to 35°. The results obtained from Lewis’ model state that
the optimum yearly tilt angle for Alabama is in the range [9]
𝛽 = 𝜑 ± 8°.

(2.9)

Many researchers have done detailed analyses to optimize the solar panel tilt angle at the
cloudy-atmosphere level using measured data in a numerical calculation procedure. Using this
procedure Li and Lam [19] found an optimum tilt angle of 20◦ for Hong Kong which is located at
a latitude of 22.3◦. Khorasanizadeh [20] found an optimum tilt angle in Tabass, Iran to be 32o
which is located at a latitude of 33.4o. Jafarkazemi and Saadabadi [21] found an optimum tilt
angle in Abu Dhabi, UAE to be 22o which is located at a latitude of 24.4o. Calabro [22]
determine the optimum tilt angles of a solar panel for northern tropical latitudes between
36° and 46°. These optimum tilt angle are shown in Table 1 relative to the latitude. All of these
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investigators obtained optimum tilt angles less than the latitude of the location of the solar panel.
That is, they all obtained values less than that recommended by the rule-of-thumb. One
investigator who obtained yearly, cloudy-atmosphere, optimum tilt angles greater than the ruleof-thumb is Karkee et al. [3]. Karkee et al.’s optimum tilts are 3 to 4.5 degrees higher than the
rule-of-thumb for locations in Nepal. Le Roux [23] shows seven of his atmospheric optimum
yearly tilt angles being less than the latitude, while two of his reported tilts are greater than the
latitude angle for locations in South Africa.
Table 1: Yearly optimum tilt angles of a solar panel located in northern tropical
latitudes.
𝜑, degrees
𝛽 , 𝑑𝑒𝑔𝑟𝑒𝑒𝑠
36

𝜑-6

38

𝜑-8

40

𝜑-8

42

𝜑-10

44

𝜑-12

46

𝜑-6

Because the location of the sun varies in the sky during the year, the optimum tilt angle will also
vary if the time frame used for its calculation is monthly or seasonally. During the winter time,
the sun is low in the sky so that it needs to tilt the panel up to capture the most solar irradiance.
Otherwise, the panel needs to be tilted back during the summer since the location of the sun is
high in the sky. Calabro [22] estimates the optimum tilt angle for the summer and winter seasons
as shown in Table 2 for the summer season and Table 3 for the winter season. Again, the
optimum tilt angles are presented in terms of the latitude location. In Calabro’s calculations, the
summer season is six months long and runs from the beginning of April to the end of September.
The winter season is also taken to be six months long, starting at the beginning of October and
ending at the end of March.
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Table 2: Optimum tilt angles of solar panels for northern tropical latitudes
for the summer season.
𝜑, degrees
𝛽 , degrees
36

𝜑-26

38

𝜑-26

40

𝜑-26

42

𝜑-27

44

𝜑-28

46

𝜑-28

Table 3: Optimum tilt angles of solar panels for northern tropical latitudes for
the winter time.
𝜑
𝛽𝑜𝑝𝑡
36

𝜑+15

38

𝜑+14

40

𝜑+15

42

𝜑+13

44°

𝜑+12

46°

𝜑+13

Elminir [24] in a case study determined the optimum tilt for Helwan, Egypt to be
𝛽 = 𝜑 ± 15°.

(2.10)

where the plus sign is for the winter season and the minus sign is for the summer season. gives
Yellott [25] have stated that the optimum tilt is equal to
𝛽={

𝜑 + 20 𝑓𝑜𝑟 𝑤𝑖𝑛𝑡𝑒𝑟 𝑤ℎ𝑒𝑛 𝛿 < 0
.
𝜑 − 20 𝑓𝑜𝑟 𝑠𝑢𝑚𝑚𝑒𝑟 𝑤ℎ𝑒𝑛 𝛿 ≥ 0

(2.11)

One of the most remarkable studies to find the optimum tilt angle for a solar panel has
been done by Lave and Klessil [10]. This research optimizes the orientation for fixed solar panels
for a one-year time frame across the continental United States (see Figure 4 and Figure 5). This
publication also shows the enhancement of the incident solar radiation that can be obtained using
a two-axis tracking system. Lave and Klessil used the NSRDB-SUNY dataset which contains
hourly global horizontal incidence, diffuse horizontal incidence, and direct normal irradiation
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values for the entire United States, on a 0.1o grid, corresponding to a grid spacing of about 10
km. A very detailed numerical calculation was carried out by Lave and Klessil to obain the
results shown in Figure 4 and Figure 5.
The colored contours in Figure 4 show the optimum tilt angle of a fixed solar panel in the
continental United States. As expected, the optimum tilt angle for a year’s time frame is
generally larger at the northern latitudes compared to the southern latitudes. The no-atmosphere
rule-of-thumb says this should happen. The difference between the numerically calculated
optimum tilt angle at the cloudy-atmosphere level and the rule-of-thumb which is technically for
the no-atmosphere level is plotted in Figure 5. Notice the legend in this plot only shows negative
values. This means that the rule-of-thumb optimum tilt angle always over predicts the
numerically calculated optimum tilt angle. At first thought, it might be concluded that this is due
to the cloudy-atmosphere. The rule-of-thumb is for no-atmosphere and the results in Figure 4 and
Figure 5 are for a cloudy atmosphere. Many investigators have stated this reason as well, for the
differences. In this work, it is shown that at least a portion of this difference is due to the
approximate nature of the rule-of-thumb as applied to no-atmosphere situations, as opposed to
being due to clouds. Figure 5 also clearly shows that the optimum tilt angle is not soley a
function of the latitude as the rule-of-thumb states. Most certainly the type of cloud cover
experienced at a given location effects this optimum tilt angle to some degree.
Other interesting results put forth by Lave and Klessil [10] are that optimum tilted panels
show an increase of captured solar radiation of 10 to 25% compared to a horizontally orientated
panel. A 25 to 45% increase in captured solar radiation obtained when a two-axis tracking
system is used instead of an optimally tilted fixed solar panel.
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Figure 4: Optimum tilt angle of a fixed solar panel, for a one year time
frame, at the cloudy-atmosphere level across the continental United States
[10]. The legend for this optimum tilt angle is shown on the right of the
contour plot.

Figure 5: Difference between the optimum tilt angle of a fixed solar panel,
for a one year time frame, at the cloudy-atmosphere level and the rule-ofthumb across the continental United States [10]. The legend for this angular
difference is shown on the right of the contour plot.
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Chapter 3. Derivation of the Optimum
Solar Panel Tilt for the
No-Atmosphere Level

In this chapter, an equation to estimate the annual optimum tilt angle for a fixed solar
panel is derived. The development of this equation is done an analytically then a numerical
solution has used to solve the final equation of optimum tilt.

3.1. Equation Development for Solar Energy Impinging on Solar Panel
The governing equation that calculates the captured radiation by a solar panel located on
the earth’s surface including atmosphere effects is [26]
1+𝑐𝑜𝑠𝛽

𝐼𝑇 = 𝐼𝑏 𝑅𝑏 + 𝐼𝑑 (

2

1−𝑐𝑜𝑠𝛽

) + 𝐼𝜌𝑔 (

2

).

(3.1)

This equation provides the solar energy collected by a tilted solar panel per unit area, 𝐼𝑇 . This
equation is commonly written for a one hour time period, but other time periods can be used. The
first term on the right-hand side of this equation represents the beam radiation impinging on the
solar panel, the second term represents the diffuse radiation scattered by the atmosphere that
impinges on the solar panel, and the third term represents the radiation reflected off the ground
that eventually hits the solar panel.
For a no-atmosphere calculation, the second and the third terms of Equation (3.1) are set
to zero. Thus, the first term of this equation is the only term remaining and this equation
becomes
𝐼𝑇 = 𝐼𝑏 𝑅𝑏 .
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(3.2)

For this work, Equation (3.2) needs to be written on a power basis, instead of an energy basis.
This is done so detailed integrations over time can be done. On a power basis Equation (3.2)
becomes
𝐺𝑇 = 𝐺0 𝑅𝑏

(3.3)

𝐺𝑇 represents the instantaneous radiative power hitting the solar panel, which is equivalent to the
energy term 𝐼𝑇 , and 𝐺𝑜 is the beam radiative power, which is equivalent to the energy term 𝐼𝑏 in
Equation (3.2). 𝐺0 is the total solar power incident on a horizontal surface per unit area which is
𝐺𝑜 = 𝐺𝑆𝐶 (1 + 0.033 𝑐𝑜𝑠

360𝑛
365

) 𝑐𝑜𝑠𝜃𝑧 .

(3.4)

where 𝐺𝑆𝐶 is the solar constant that is taken to be 1367 watt/m2 in this project, and 𝑛 is the day
number during the year which takes on a value of 1 for January 1 and 365 for December 31. The
quantity 𝑅𝑏 in Equation (3.3) is simply the ratio of the total solar power on tilted surface to the
total solar power on a horizontal surface. It can be seen that Equation (3.2) can be obtained by
integrating both sides of Equation (3.3) over a one-hour time period.
While Equation (3.3) may look easy to solve, this equation is still complex due to 𝑅𝑏 .
The quantity 𝑅𝑏 is the ratio of beam radiation on a tilted surface to that on a horizontal surface,
𝑅𝑏 =

𝑐𝑜𝑠𝜃
𝑐𝑜𝑠𝜃𝑧

.

(3.5)

The 𝑐𝑜𝑠𝜃 factor in this equation is the cosine of the angle between the sun’s beam radiation and
the surface normal,
𝑐𝑜𝑠𝜃 = 𝑠𝑖𝑛𝛿𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽 − 𝑠𝑖𝑛𝛿𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾 + 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝜔 +
𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾𝑐𝑜𝑠𝜔 + 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝛾𝑠𝑖𝑛𝜔 .

(3.6)

The 𝑐𝑜𝑠𝜃𝑧 factor in Equation (3.5) is the cosine of the zenith angle of the sun which is
𝑐𝑜𝑠𝜃𝑧 = 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛿 + 𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔.

(3.7)

Substituting Equations (3.4) and (3.5) into Equation (3.3) causes the 𝑐𝑜𝑠𝜃𝑧 terms to
cancel leaving
𝐺𝑇 = 𝐺𝑆𝐶 (1 + 0.033 𝑐𝑜𝑠

360𝑛
365

) 𝑐𝑜𝑠𝜃.

(3.8)
𝑛

𝑡𝑦

This equation needs to be written as a continuous function of time and is by replacing 365 with 𝑛

𝑦

giving
𝐺𝑇 = 𝐺𝑠𝑐 (1 + 0.033𝑐𝑜𝑠
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360𝑡𝑦
𝑛𝑦

) 𝑐𝑜𝑠𝜃.

(3.9)

The quantity 𝑛𝑦 is the number of time increments of the chosen time unit present in one year and
𝑡𝑦 is time in the chosen time unit referenced to the start of the year. For most cases, January 1 at
midnight is taken as the starting time. Thus, if seconds have been chosen as the time unit, 𝑛𝑦 equals
the number of seconds in a year which is 31,536,000 seconds and 𝑡𝑦 will go from zero to
31,536,000 seconds.
To simplify the writing of Equation (3.9) the substitution
𝐺𝑜𝑛 = 𝐺𝑆𝐶 (1 + 0.033 𝑐𝑜𝑠

360𝑡𝑦
𝑛𝑦

)

(3.10)

is used giving
𝐺𝑇 = 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃

(3.11)

The main purpose of this project is to calculate the optimum tilt angle of a solar panel over
a one-year time frame, thus Equation (3.11) needs to be integrated over one-year. This gives
∫𝑜𝑛𝑒 𝑦𝑒𝑎𝑟 𝐺𝑇 𝑑𝑡𝑦 = ∫𝑜𝑛𝑒 𝑦𝑒𝑎𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑑𝑡𝑦

(3.12)

The equation gives the annual solar energy impinging on a tilted surface which will be called 𝑌𝑇 .
Thus Equation (3.10) can be written
𝑌𝑡𝑜𝑡 = ∫𝑜𝑛𝑒 𝑦𝑒𝑎𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑑𝑡𝑦

(3.13)

The integral in Equation (3.13) should only be nonzero during the day because there is no
energy delivered to the earth during the night because the sun is below the horizon. Since these
calculations are being done at the no-atmosphere level, one more condition should be added for
when the integral goes to zero. This condition is when the sun is blocked by the panel itself. This
happens when the sun moves behind the panel which has a chance of happening during long
summer days. In other words, the integrand in equation (3.13) should have a nonzero value, only
when the sun shining on the panel. Thus, the limits of this integral should be from sunrise to the
sunset referenced to the panel. Thus, the words sunrise and sunset mean when the sun shines on
the panel and when the sun leaves the panel, respectively. To emphasize this in the integration,
Equation (3.13) is written as
𝑡

𝑠𝑠
𝑌𝑇 = ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑑𝑡𝑑 .
𝑠𝑟

(3.14)

The summation refers to the day and needs to be done from the first day of the year to the last day
of the year. The limits on the integral stand for the time of sunrise on the panel, t sr, and the time
of sunset on the panel, t ss .
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Now, it is time to substitute the Equation (3.6) in to Equation (3.14) giving
𝑡

𝑠𝑠
𝑌𝑇 = ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 {𝑠𝑖𝑛𝛿𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽 − 𝑠𝑖𝑛𝛿𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾 +
𝑠𝑟

𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝜔 + 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾𝑐𝑜𝑠𝜔 + 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝛾𝑠𝑖𝑛𝜔}𝑑𝑡𝑑 . (3.15)
The time dependence of Equation (3.15) lies in Gon and the five terms which make up the cosθ.
The cosθ is a function of five angles which are ω, γ , ϕ, β, and δ. The hour angle  and the
declination angle  are a function of time, while the altitude , the azimuth angle of the surface ,
and the tilt angle of the surface  are not a function of time. To find the declination angle the
equation
𝛿 = 23.45 𝑠𝑖𝑛(360

284+𝑛
365

)

(3.16)

can be used. The declination angle written on a continuous time basis is
𝑡𝑦

284

𝛿 = 23.45 𝑠𝑖𝑛 {360 (365 + 𝑛 )}.
𝑦

(3.17)

To find the hour angle , the equation

𝜔 = 15°(𝑠𝑜𝑙𝑎𝑟 𝑡𝑖𝑚𝑒 − 12)

(3.18)

is used. The hour angle on a continuous time basis is
𝑡𝑑

𝜔 = 15 (

𝑛ℎ

− 12).

(3.19)

The 𝑛ℎ in Equation (3.19) represents the number of the chosen time units in one hour. When
seconds are chosen as the time unit, 𝑛ℎ = 3600 seconds. The 12 in Equation (3.19) represents
solar noon. While Equations (3.17) and (3.19) show the time dependence of the declination and
hour angles, these equations are not substituted into Equation (3.15) to keep the equation length
smaller and simpler. It is good enough to know that these two angles are a function of time and
use Equations (3.17) and (3.19) to calculate their values inside the integral in Equation (3.15).
Now the integration is distributed over the five terms in Equation (3.15) giving
𝑡

𝑡

𝑠𝑟

𝑠𝑟

𝑠𝑠
𝑠𝑠
𝑌𝑇 = ∑365
𝑛=1 {∫𝑡 𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 − ∫𝑡 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 +

𝑡𝑠𝑠
∫𝑡
𝑠𝑟

𝑡

𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑 + ∫𝑡 𝑠𝑠 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑 +
𝑠𝑟

𝑡𝑠𝑠
∫𝑡 𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝛾𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑 }.
𝑠𝑟

Taking the terms that are not a function of time out the integration symbols gives
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(3.20)

𝑡

𝑡

𝑠𝑟

𝑠𝑟

𝑠𝑠
𝑠𝑠
𝑌𝑇 = ∑365
𝑛=1 {𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 − 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 +

𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽

𝑡𝑠𝑠
∫𝑡 𝐺𝑜𝑛
𝑠𝑟

𝑡

𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑 + 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾 ∫𝑡 𝑠𝑠 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑 +
𝑠𝑟

𝑡

𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝛾 ∫𝑡 𝑠𝑠 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑 }.
𝑠𝑟

(3.21)

Notice that the integrals of the first and second terms in the above equation are the same, also the
third and fourth terms are the same. Also noticing that the factors outside of the integrals are not a
function of the day allows Equation (3.21) to be written as
𝑡

𝑠𝑠
𝑌𝑇 = (𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽 − 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑠𝑟

𝑡

𝑠𝑠
+(𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽 + 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑠𝑟

𝑡𝑠𝑠
+𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝛾 ∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑 ,

(3.22)

This equation clearly shows that three daily time integrals need to be evaluated for each day of
the year and summed. Each one of these daily integrals changes as a function of the day of the
year, since the limits of the integrals are a function of the day of the year and the declination
angle is a function of the day of the year.
The integration limits in Equation (3.22) are evaluated by calculating the time of sunrise
and the time of sunset for each day of the year. For a given day, the time of sunrise, the time when
the solar panel first sees the sun, and the time of sunset, the time when the solar panel last sees the
sun, need to be determined. In this work, “sunrise” refers to the latest of these two times and
“sunset” refers to the earliest of these two times. The words “sunrise on the earth”, and “sunset on
the earth” refer to sunrise and sunset on the earth’s horizon with no reference to the panel. While
the words “sunrise on the panel” and “sunset on the panel” refer to when the sun first or last sees
the sun with no reference to the earth.
Sunrise and sunset on the earth can both be determined with
𝑐𝑜𝑠𝜔𝑠𝑟𝑒 𝑜𝑟 𝑠𝑠𝑒 = ±𝑡𝑎𝑛𝜙 𝑡𝑎𝑛𝛿𝑠𝑟𝑒 𝑜𝑟 𝑠𝑠𝑒 ,

(3.23)

where 𝑠𝑟𝑒 𝑎𝑛𝑑 𝑠𝑠𝑒 refer to the sunrise on the earth and sunset on the earth, respectively. The
plus sign in Equation (3.23) is for sunrise on the earth, and the minus sign is for sunset on the
earth. It should be noted that the since this work handles the declination angle as a continuous
function of time, different declination angles are used for sunrise on the earth and sunset on the
earth for the same day.
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Sunrise on the panel and sunset on the panel cannot be determined by Equation (3.23). To
determine the values of these two times, Equation (3.6) is used and the angle of incidence is set to
90° as
𝑐𝑜𝑠 90𝑜 = 𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛿𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝 − 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾𝑠𝑖𝑛𝛿𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝
+ 𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝜔𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝 𝑐𝑜𝑠𝛿𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝
+𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾𝑐𝑜𝑠𝜔𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝 𝑐𝑜𝑠𝛿𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝
+𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝛾𝑠𝑖𝑛𝜔𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝 𝑐𝑜𝑠𝛿𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝

(3.24)

where 𝑠𝑟𝑝 𝑎𝑛𝑑 𝑠𝑠𝑝 represent the sunrise and sunset on the panel, respectively. Since the 𝑐𝑜𝑠 90
is equal to zero
0 = 𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛿𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝 − 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾𝑠𝑖𝑛𝛿𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝
+ 𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝜔𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝 𝑐𝑜𝑠𝛿𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝
+𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾𝑐𝑜𝑠𝜔𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝 𝑐𝑜𝑠𝛿𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝
+𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝛾𝑠𝑖𝑛𝜔𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝 𝑐𝑜𝑠𝛿𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝

(3.25)

Solving Equation (3.25) for the hour angle 𝜔𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝 for chosen values of the latitude , tilt
angle , and azimuthal angle  is required. The first and second terms on the right-hand side of
this equation are a directly calculable number that is called A, the third and fourth terms in this
equation are a number that is called B followed by 𝑐𝑜𝑠𝜔𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝 , and the last term in this
equation is a number that is called C followed by 𝑠𝑖𝑛𝜔𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝 . The quantities A, B, and C are
not constants and are a function of the day of the year. The final form of Equation (3.25) after
making these substitutions is
0 = 𝐴 + 𝐵𝑐𝑜𝑠𝜔𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝 + 𝐶𝑠𝑖𝑛𝜔𝑠𝑟𝑝 𝑜𝑟 𝑠𝑠𝑝 .

(3.26)

Solving Equation (3.26) by a trial and error procedure provides two values for the hour angle, the
negative hour angle is for sunrise, 𝜔𝑠𝑟𝑝 , and the positive hour angle is for sunset, 𝜔𝑠𝑠𝑝 .
The sunrise hour angle is the larger (less negative) of the negative values of the hour angles
from Equations (3.23) and (3.26). The sunset hour angle is the smaller of the positive hour angles
obtained from Equation (3.23) or (3.26). Once the sunrise and sunset hour angles are determined,
they are substituted into Equation (3.19) to convert hour angles to time,
𝑡𝑠𝑟 𝑜𝑟

𝑠𝑠

= 12 ± (
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|𝜔𝑠𝑟 𝑜𝑟 𝑠𝑠 |
15

) 𝑛ℎ .

(3.27)

The minus sign in this equation is used to find the sunrise time, while the plus sign is used to
calculate the sunset time. The values from Equation (3.27) are the integral limits for the integrals
in Equation (3.22).
At this time all of the equations necessary to calculate the annual solar energy impinging
on a solar panel surface located at a certain latitude, orientated with a given azimuth angle, sloped
with a given tilt angle have been presented. The major equation that needs to be solved is Equation
(3.22). To solve Equation (3.22), Equations (3.10), (3.17), (3.19), (3.23), (3.26), and (3.27) are
required. The solution of Equation (3.22) is done numerically and Equation (3.26) needs to be
solved using a trial and error procedure.

3.2. Equation Development for Optimum Orientation
3.2.1. Optimum Tilt Angle
In the previous subsection of this chapter, all the equations that we need to determine the
energy impinging on a unit area of solar panel, with a known azimuth orientation and tilt relative
to a horizontal plane of the earth, at any given latitude, over the time frame of one year have been
developed. This equation is rather complex, and this complexity comes from the integrals involved
(see Equation 3.22) and the complex integration limits on these integrals (see Equations 3.22, 3.26,
and 3.27).
In this section, an equation to determine the optimum tilt angle for a fixed solar panel over
a one-year time frame is developed. An optimum tilt angle for the solar panel means the tilt angel
that provides the maximum incident solar energy on the panel. To obtain a mathematical
expression for the optimum tilt angle the derivative of Equation (3.22) with respect to the tilt angle
is taken and set equal to zero. This equation is then solved for the tilt angle 
The derivative of Equation (3.22) with respect to  is
𝑑
𝑌
𝑑𝛽 𝑇

𝑡

𝑑

𝑠𝑠
= 𝑑𝛽 {(𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽 − 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑠𝑟

𝑡

𝑠𝑠
+(𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽 + 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑠𝑟

𝑡𝑠𝑠
+𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝛾 ∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑 }.

(3.28)

or
𝑑
𝑌
𝑑𝛽 𝑇

𝑡

𝑠𝑠
= (−𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽 − 𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑠𝑟
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𝑡

𝑠𝑠
+(𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾 − 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑠𝑟

𝑡𝑠𝑠
+𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛾 ∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑 ,

(3.29)

In going from Equation (3.28) to Equation (3.29) it is assumed that the integrals limits are not a
function of 𝛽.
Setting Equation (3.29) to zero to obtain the optimum 𝛽 gives
𝑑
𝑌
𝑑𝛽 𝑇

𝑡

𝑠𝑠
= 0 = (−𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽 − 𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑠𝑟

𝑡

𝑠𝑠
+(𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾 − 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑠𝑟

𝑡𝑠𝑠
+𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛾 ∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑 .

(3.30)

Equation (3.30) has three terms and each one has the tilt angle 𝛽 in it. This equation needs to be
solved for 𝛽.
Moving the first term on the right-hand side of Equation (3.30) to the left hand side gives
𝑡

𝑠𝑠
(𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽 + 𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑠𝑟

𝑡

𝑠𝑠
= (𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾 − 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑠𝑟

𝑡

𝑠𝑠
+𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛾 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑 .

(3.31)

𝑠𝑟

Divide both sides of this equation by
𝑡

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

(3.32)

𝑠𝑟

giving
𝑡

(𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽 + 𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾)

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑠𝑟

𝑡𝑠𝑠
∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛

𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

= (𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾 − 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽) + 𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛾

𝑡
𝑠𝑟
𝑡𝑠𝑠
∑365
∫
𝑛=1 𝑡𝑠𝑟 𝐺𝑜𝑛

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑

𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

.

(3.33)

Opening the parentheses on the left-hand side and moving the second term on the left hand-side
to the right-hand side and the first term on the right-hand side to the left-hand side gives
𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽

𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

− 𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾

= −𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽 − 𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾
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𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

+𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛾

𝑡
𝑠𝑟
𝑡𝑠𝑠
∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑

𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

.

(3.34)

Factoring out 𝑠𝑖𝑛𝜙 on the left-hand side and −𝑐𝑜𝑠𝜙 on the right-hand side and dividing through
by 𝑐𝑜𝑠𝜙 gives
[𝑠𝑖𝑛𝛽
𝑐𝑜𝑠𝜙

𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑

𝑠𝑖𝑛𝜙

𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

= − [ 𝑠𝑖𝑛𝛽 + 𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾

− 𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾]
𝑡
𝑠𝑟

𝑡

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

]+

𝑠𝑠
365
𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛾 ∑𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑
𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

𝑐𝑜𝑠𝜙

, (3.35)

or
𝑡𝑎𝑛 𝜙 [𝑠𝑖𝑛𝛽

𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

= − [ 𝑠𝑖𝑛𝛽 + 𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾

− 𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾]
𝑡
𝑠𝑟

𝑡

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

]+

𝑠𝑠
365
𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛾 ∑𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑
𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

𝑐𝑜𝑠𝜙

. (3.36)

To make this equation easier to write the substitution
𝑓𝑛𝑎 (𝜙, 𝛾) =

𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑡
𝑠𝑟

(3.37)

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

is made. The ratio of these two integrals is solely a function of the latitude and the azimuthal
angle of the solar panel. The reason this ratio of integrals is not a function of time is that time is
integrated out. The functional notation comes from the limits of these integrals. The subscript
‘na’ on this new parameter stands for no-atmosphere. Using this new notation Equation (3.36)
can be written as
𝑡𝑎𝑛 𝜙 [𝑓𝑛𝑎 (𝜙, 𝛾)𝑠𝑖𝑛𝛽 − 𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾]
𝑡

= − 𝑠𝑖𝑛𝛽 − 𝑓𝑛𝑎 (𝜙, 𝛾)𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾 +

𝑠𝑠
365
𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛾 ∑𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑

𝑐𝑜𝑠𝜙

𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

.

(3.38)

Opening the parenthesis on the left-hand side and moving the second term on the left-hand side
to the right-hand side and the first term on the right-hand side to the left-hand side gives
𝑓𝑛𝑎 (𝜙, 𝛾) 𝑡𝑎𝑛 𝜙 𝑠𝑖𝑛𝛽 + 𝑠𝑖𝑛𝛽 =
𝑡

𝑡𝑎𝑛 𝜙 𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾 − 𝑓𝑛𝑎 (𝜙, 𝛾)𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾 +

𝑠𝑠
365
𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛾 ∑𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑

𝑐𝑜𝑠𝜙

𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

Factoring out 𝑠𝑖𝑛𝛽 on the left-hand side and 𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾 on the right-hand side gives
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. (3.39)

𝑠𝑖𝑛𝛽[𝑓𝑛𝑎 (𝜙, 𝛾) 𝑡𝑎𝑛 𝜙 + 1]
𝑡

= 𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾[𝑡𝑎𝑛 𝜙 − 𝑓𝑛𝑎 (𝜙, 𝛾)] +

𝑠𝑠
365
𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛾 ∑𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑
𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

𝑐𝑜𝑠𝜙

.

(3.40)

Divide both sides of the above equation by 𝑐𝑜𝑠𝛽 gives
𝑠𝑖𝑛𝛽
𝑐𝑜𝑠𝛽

[𝑓𝑛𝑎 (𝜙, 𝛾) 𝑡𝑎𝑛 𝜙 + 1]
=

𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾
𝑐𝑜𝑠𝛽

𝑡

[𝑡𝑎𝑛 𝜙 − 𝑓𝑛𝑎 (𝜙, 𝛾)] +

𝑠𝑠
365
𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛾 ∑𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑

𝑡𝑠𝑠
𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝜙 ∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑛=1 ∫

,

(3.41)

𝑡𝑠𝑟

or
𝑡

𝑠𝑠
365
𝑠𝑖𝑛𝛾 ∑𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑

𝑡𝑎𝑛𝛽[𝑓𝑛𝑎 (𝜙, 𝛾) 𝑡𝑎𝑛 𝜙 + 1] = 𝑐𝑜𝑠𝛾[𝑡𝑎𝑛 𝜙 − 𝑓𝑛𝑎 (𝜙, 𝛾)] + 𝑐𝑜𝑠𝜙

𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

, (3.42)

Solving for 𝑡𝑎𝑛𝛽 gives
𝑡

𝑠𝑠
∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑
𝑠𝑖𝑛𝛾
,
365 𝑡𝑠𝑠 𝐺
𝑛𝑎 (𝜙,𝛾)𝑡𝑎𝑛 𝜙+ 1] ∑𝑛=1 ∫
𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

[𝑡𝑎𝑛 𝜙−𝑓𝑛𝑎 (𝜙,𝛾)]

𝑡𝑎𝑛𝛽 = 𝑐𝑜𝑠𝛾 [𝑓

𝑛𝑎

+ 𝑐𝑜𝑠𝜙[𝑓
(𝜙,𝛾) 𝑡𝑎𝑛 𝜙+ 1]

(3.43)

𝑡𝑠𝑟

Equation (3.43) is the equation to use to calculate the optimum tilt orientation for a solar panel
for a one-year period of time. This equation is valid for any azimuthal orientation of the solar
panel.

3.2.2. Optimum Azimuthal Angle
Symmetry arguments dictate that the optimum azimuthal orientation of the solar panel is
due south in the Northern Hemisphere and due north in the Southern Hemisphere. For the
Northern Hemisphere 𝛾 = 0𝑜 for the optimum orientation, and for the Southern Hemisphere 𝛾 =
180𝑜 for the optimum orientation. This means 𝑠𝑖𝑛𝛾 = 0 and 𝑐𝑜𝑠𝛾 = ±1 in Equation (3.43) and
the optimum tilt angle becomes
[𝑡𝑎𝑛 𝜙−𝑓𝑛𝑎 (𝜙,𝛾)]

𝑡𝑎𝑛𝛽 = ± [𝑓

𝑛𝑎 (𝜙,𝛾) 𝑡𝑎𝑛 𝜙+ 1]

.

(3.44)

Where the plus sign is for the Northern Hemisphere and the minus sign is for the Southern
Hemisphere. Since the value of 𝛾 is specified at this point, the 𝑓𝑛𝑎 (𝜙, 𝛾) the 𝛾 notation can be
removed from the argument. The integrals in Equation (3.37) provide the same values in the
Southern Hemisphere for a given magnitude of 𝜙 that they provide in the Northern Hemisphere.
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3.3. Maximum Energy Calculation
In order to check the accuracy of Equations (3.43) and Equation (3.44), the energy that
impinges on a fixed solar panel for a one-year time period is calculated with Equation (3.22). All
the required angles are known except the optimum tilt angle. To find the optimum tilt angle
Equation (3.22) is solved for many tilt angles around the value provided by Equation (3.43) or
Equation (3.44). The results can be plotted to locate the tilt angle that provides the maximum
energy.

3.4. Solution Procedure
Starting with the first day during the year, the first equation that needs to be solved is
Equation (3.23), this is solved for both the sunrise and sunset hour angles on the earth. In this work,
the solution of Equation (3.23) is done with an iterative process since the precise declination angle
at a specific time of the day is not known. It is known that the declination angle only varies slightly
during the course of a day; however, in this work the declination angle is calculated precisely.
Next, the hour angle when the sun first shines the solar panel and the hour angle when the sun last
leaves the solar panel, neglecting earth blockage effects, is calculated from Equation (3.26) using
a trial and error procedure. Then, a comparison between the sunrise hour angles on the earth and
the panel are compared and the highest value is used. The same type of comparison is made for
the sunset hour angles and the lowest value is selected. These hour angles are converted to times
using Equation (3.27).
Once the times of sunrise and sunset are determined, the integrals in Equations (3.37) and
(3.43) that need to be evaluated are
𝑡

𝑠𝑠
𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑜𝑛𝑒 = ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 ,
𝑠𝑟

𝑡

𝑠𝑠
𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑡𝑤𝑜 = ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑 ,
𝑠𝑟

and

𝑡

𝑠𝑠
𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑡ℎ𝑟𝑒𝑒 = ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑 .
𝑠𝑟

(3.45)
(3.46)
(3.47)

All of the above integrals are determined by using an accurate numerical integration technique
with small time steps from sunrise to sunset. These integrals are calculated for every day during
the year then the summation is taken. The time in each day between sunrise and sunset is divided
into small increments so that accurate values of these integrals can be obtained. Small increments
are required because of difficulties around sunrise and sunset. In this work a time step of 0.001
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seconds is used. After these integrations are performed for all 365 days in a year, the results are
summed. None of these three integrals takes on a zero value when accurate calculations are done.
When all the integrals in Equations (3.45) through (3.47) have been evaluated, these values
are substituted into Equations (3.37) and Equation (3.43) along with the quantitative values for the
time independent angles of latitude 𝜙, tilt 𝛽, and azimuthal angle 𝛾. The value of the right-hand
side of Equation (3.43) is evaluated, the inverse tangent is taken, and a new guess of the optimum
tilt angle 𝛽 is obtained. With this new value of the tilt angle 𝛽, the process of solving the equations
listed above begins again and 𝛽 is updated once again. This process is continued until the value of
the tilt angle 𝛽 is within a small amount of the prior iteration value. In this work the angle 𝛽 is
converged to 10-3.
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Chapter 4. Derivation of the Optimum
Solar Panel Tilt for the
Clear-Atmosphere Level

In this chapter, an equation to estimate the annually optimum tilt angle for fixed solar
panel will be derived for the clear sky level of calculation. Unlike the previous chapter, this
chapter includes all the components of solar radiation that are present on the surface of the earth.
These are beam, diffuse, and ground reflected solar radiation. This equation is more complicated
than the equation for the no-atmosphere level since there are two more components added in this
level of calculation. No cloud effects are in this equation development, it is done for a clear sky
only. The development of this equation is done analytically and a numerical solution is used to
solve the final equation for optimum tilt angle.
Several models are utilized to calculate the incident energy on a tilted solar panel with
clear-atmosphere conditions. Three models that are used in this work are Hottel’s model[27],
Jordon and Liu’s diffuse radiation model [28], and the isotropic-sky model [26]. These models
are used to derive the optimum tilt angle equation since they are less complicated than other
models available and they provide reasonable accuracy.

4.1. Transmittance Model
Solar radiation can be scattered, absorbed, and reflected when passing through a clear
atmosphere and these effects are a function of time. It will be helpful to calculate the solar radiation
depending on daily or hourly bases for the clear sky impinging on the horizontal surfaces and
utilize them as standards. Hottel’s model [27], has exhibited an empirical relationship to estimate
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the transmissivity through the clear sky taking the sun zenith angle and the earth altitude as
standards for atmosphere effect and climate change with respect to time and location. This equation
is given by
𝜏𝑏 = 𝑎0 + 𝑎1 𝑒

𝐾
)
𝑐𝑜𝑠 Ɵ𝑧

(−

(4.1)

Which can be define as the relationship between the normal radiation of the sun’s rays on the edge
of the atmosphere to the extraterrestrial radiation of the sun which can be written as
𝜏𝑏 =

𝐺𝑏,𝑛
𝐺𝑜𝑛

.

(4.2)

This can be replaced with the radiation impinging on a horizontal surface be written as
𝜏𝑏 = 𝐺

𝐺𝑏

𝑜𝑛 𝑐𝑜𝑠 Ɵ𝑧

.

(4.3)

To find the constants 𝑎0 , 𝑎1 , 𝑎𝑛𝑑 𝑘 in Equation (4.1), a set of equation need to be solved that have
other constants 𝑎𝑜′ , 𝑎1′ 𝑎𝑛𝑑 𝐾 ′ . The values of these new constants can be evaluated by using the
following equations with altitude value less than 2.5 km.

and

𝑎1′ = 0.5055 + 0.0595(6 − 𝐴)2 ,

(4.4)

𝑎𝑜′ = 0.4237 − 0.0082(6 − 𝐴)2 ,

(4.5)

𝐾 ′ = 0.2711 + 0.01858(2.5 − 𝐴)2 .

(4.6)

In these equations A represents the altitude above sea level in km. Because the climate varies from
one location to another around the world, a set of correction factors (r1, r0, and rk) have been applied
to find the constants in Equation (4.1). These correction factors are given in the table below for
various locations around the earth.
Table 4: Correction factors for different climate types.
Climate zone
r1
r0

rk

Midlatitude Winter

1.01

1.03

1

Midlatitude Summer

0.99

0.97

1.02

Subarctic Summer

0.99

0.99

1.01

Tropical

0.98

0.95

1.02

Now, to find the constants in Equation (4.1), the correction factors should be inserted in to the
constant of Equations (4.4), (4.5), and (4.6) as shown below
𝑎0 = 𝑟0 𝑎𝑜′
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(4.7)

𝑎1 = 𝑟1 𝑎1′

(4.8)

𝑘 = 𝑟𝑘 𝐾 ′

(4.9)

It also significant to calculate the diffuse radiation impinging on a horizontal surface for a
clear sky to evaluate the total radiation. Lui and Jordan [26] developed an equation to calculate the
diffuse transmittance for a clear sky depending on the beam transmittance coefficient
𝜏𝑑 = 0.271 − 0.294𝜏𝑏 .

(4.10)

Which is the ratio of diffuse radiation on a horizontal surface, to extraterrestrial radiation of the
sun on horizontal surface and can be written as
𝐺𝑑

𝜏𝑑 = 𝐺

𝑜𝑛 𝑐𝑜𝑠 Ɵ𝑧

.

(4.11)

4.2. Equation Development for Solar Energy Impinging on Solar Panel
The governing equation that calculates the captured radiation by solar panel located on the earth
surface including the atmosphere effects is given by Equation (3.1). Instead of an energy bases,

Equation (3.1) is rewritten on a power basis giving
1+𝑐𝑜𝑠𝛽

𝐺𝑇 = 𝐺𝑏 𝑅𝑏 + 𝐺𝑑 (

2

) + 𝐺𝜌𝑔 (

1−𝑐𝑜𝑠𝛽
2

).

(4.12)

Solve the equations (4.3) and (4.11) for terms Gb and Gd respectively and substitute them in Equation
(4.12). Also, use the Equation (3.4) in Equation (4.12) and the amount of G is given by

𝐺 = 𝐺𝑏 + 𝐺𝑑

(4.13)

The final equation becomes
1+𝑐𝑜𝑠𝛽

𝐺𝑇 = 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝜃 + 𝐺𝑜𝑛 𝜏𝑑 𝑐𝑜𝑠𝜃𝑧 (

2

) + 𝐺𝑜𝑛 𝜌(𝜏𝑑 + 𝜏𝑏 ) 𝑐𝑜𝑠𝜃𝑧 (

1−𝑐𝑜𝑠𝛽
2

)

(4.14)

In this equation, 𝐺𝑇 represents the instantaneous power that is equivalent to the energy term 𝐼𝑇 in
Equation (3.1). The first term of the Equation (4.14) represents the beam radiation component
with the effect of beam transmittance through a clear sky. The second term represent the diffuse
radiation in a clear sky where 𝜏𝑑 𝑐𝑜𝑠𝜃𝑧 is the fraction of radiative power normal to the sun’s rays
above the atmosphere that gets scattered by the atmosphere and is present at the surface of the
earth. The third term in Equation (4.14) represents the radiation that is reflected from the ground
onto the tilted surface. The factor (𝜏𝑑 + 𝜏𝑏 ) 𝑐𝑜𝑠𝜃𝑧 is the fraction of radiative power normal to
the sun’s rays above the atmosphere, that makes it to a horizontal surface on the earth. The factor
1+𝑐𝑜𝑠𝛽

𝜌 is the fraction of this energy that is reflected from the ground. The factors (
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2

) and

(

1−𝑐𝑜𝑠𝛽
2

) are view factors between the solar panel and the sky and between the solar panel and

the ground, respectively.
To calculate the total amount of solar energy collected by tilted solar panel for clear
atmosphere for a one-year period of time, Equation (4.14) needs to be integrated over one year,
1+𝑐𝑜𝑠𝛽

∫𝑜𝑛𝑒 𝑦𝑒𝑎𝑟 𝐺𝑇 𝑑𝑡𝑦 = ∫𝑜𝑛𝑒 𝑦𝑒𝑎𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝜏𝑏 𝑑𝑡𝑦 + ∫𝑜𝑛𝑒 𝑦𝑒𝑎𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 𝜏𝑑 (
1−𝑐𝑜𝑠𝛽

+ ∫𝑜𝑛𝑒 𝑦𝑒𝑎𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (𝜏𝑑 + 𝜏𝑏 )𝜌 (

2

2

) 𝑑𝑡𝑦

) 𝑑𝑡𝑦

(4.15)

We can notice that this equation is more complicated than Equation (3.3) because there are two
more components added. For the first term of the Equation (4.15), the same procedure that was
used for the no-atmosphere calculations can be used. The difference in the clear-atmosphere
level of calculation is the insertion of the beam transmittance. From Equation (4.1) it can be seen
that the beam transmittance is a function of the zenith angle of the sun. The zenith angle is time
dependent throughout the day and throughout the year. Thus, the beam transmittance has to be
kept inside the integral. For the second term of Equation (4.15) we have the extraterrestrial
radiation, sun zenith angle, coefficient of diffuse transmittance, and the view factor between the
sky and the solar panel. All these parameters, except the view factor, are a function of time and
need to be integrated over time. The diffuse transmittance is a function of the beam transmittance
(see Equation 4.10) and thus has to be a function of time like the beam transmittance. The last
term in Equation (4.15) all parameters except the view factor between the solar panel and the
ground reflectivity are a function of time and need to be integrated over the year. Just like
Equation (3.12), the left-hand side of Equation (4.15) represents the total annual solar energy
impinging on the tilted surface for clear sky which will be called 𝑌𝑇 . Thus Equation (4.15) can be
rewritten as
1+𝑐𝑜𝑠𝛽

𝑌𝑡𝑜𝑡 = ∫𝑜𝑛𝑒 𝑦𝑒𝑎𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝜏𝑏 𝑑𝑡𝑦 + (
1−𝑐𝑜𝑠𝛽

+𝜌 (

2

2

) ∫𝑜𝑛𝑒 𝑦𝑒𝑎𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 𝜏𝑑 𝑑𝑡𝑦

) ∫𝑜𝑛𝑒 𝑦𝑒𝑎𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (𝜏𝑑 + 𝜏𝑏 )𝑑𝑡𝑦 .

(4.16)

The integrals in Equation (4.16) should only be calculated during the day because there is
no delivered solar energy at night. This has to be done for every day over the course of a year. To
better represent this aspect of the integrals in Equation (4.16), they are rewritten as a yearly
summation and a daily integration as
𝑡

1+𝑐𝑜𝑠𝛽

𝑠𝑠
𝑌𝑡𝑜𝑡 = ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝜏𝑏 𝑑𝑡𝑑 + (
𝑠𝑟
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2

𝑡

𝑠𝑠𝑒
) ∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 𝜏𝑑 𝑑𝑡𝑑
𝑛=1 ∫𝑡
𝑠𝑟𝑒

1−𝑐𝑜𝑠𝛽

+𝜌 (

2

𝑡

𝑠𝑠𝑒
) ∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (𝜏𝑏 + 𝜏𝑑 )𝑑𝑡𝑑
𝑛=1 ∫𝑡

(4.17)

𝑠𝑟𝑒

The integration limits on the beam radiation term (first term on right-hand side) in Equation (4.17)
is handled the same way as it is for the no-atmosphere case shown in Equations (3.23) and (3.26).
The integration limits on the diffuse term (first term on right-hand side) and ground reflected term
(third term on right-hand side) are solely based on sunrise and sunset on the earth. This means that
t sre and t sse are determined from Equation (3.23) only. The reason for this is diffuse radiation
comes from all directions of the atmosphere and is always present on the front of the solar panel
as long as the sun is above the horizon. Ground reflected radiation is assumed to come from the
ground all around the panel. Even when the sun is behind the panel there is still some illuminated
ground in front of the panel. The shading that occurs directly in front of the panel is ignored.
Just like was done to Equation (3.14) above, a number of mathematical manipulations need
to be done to Equation (4.17). The first step is to substitute Equation (3.6) into Equation (4.17),
𝑡

𝑠𝑠
𝑌𝑡𝑜𝑡 = ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 {𝑠𝑖𝑛𝛿𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽 − 𝑠𝑖𝑛𝛿𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾 + 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝜔 +
𝑠𝑟

1+𝑐𝑜𝑠𝛽

𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾𝑐𝑜𝑠𝜔 + 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝛾𝑠𝑖𝑛𝜔}𝜏𝑏 𝑑𝑡𝑑 + (
1−𝑐𝑜𝑠𝛽

𝜌(

2

2

𝑡

𝑠𝑠𝑒
) ∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 𝜏𝑑 𝑑𝑡𝑑 +
𝑛=1 ∫𝑡

𝑡

𝑠𝑠𝑒
) ∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (𝜏𝑏 + 𝜏𝑑 )𝑑𝑡𝑑 .
𝑛=1 ∫𝑡
𝑠𝑟𝑒

𝑠𝑟𝑒

(4.18)

Like the no-atmosphere analysis, the time dependence in each of the five cosθ terms needs to be
recognized. The hour angle  and the declination angle  are a function of time so that they need
to be kept inside the integrals. To find the declination angle and the hour angleEquations (3.17)
and (3.19) are used.
Distributing the time integration and summation over these five terms of beam radiation
components and removing parameters that are not a function of time gives
𝑡

𝑠𝑠
𝑌𝑡𝑜𝑡 = 𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑠𝑟

365 𝑡𝑠𝑠

−𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾 ∑ ∫ 𝐺𝑜𝑛 𝜏𝑏 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑛=1 𝑡𝑠𝑟
365 𝑡𝑠𝑠

+𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽 ∑ ∫ 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑛=1 𝑡𝑠𝑟
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365 𝑡𝑠𝑠

+𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾 ∑ ∫ 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑛=1 𝑡𝑠𝑟
365 𝑡𝑠𝑠

+𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝛾 ∑ ∫ 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑
𝑛=1 𝑡𝑠𝑟
365 𝑡𝑠𝑠𝑒

1 + 𝑐𝑜𝑠𝛽
+(
) ∑ ∫ 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 𝜏𝑑 𝑑𝑡𝑑
2
𝑛=1 𝑡𝑠𝑟𝑒

1−𝑐𝑜𝑠𝛽

+𝜌 (

2

𝑡

𝑠𝑠𝑒
) ∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (𝜏𝑏 + 𝜏𝑑 )𝑑𝑡𝑑 .
𝑛=1 ∫𝑡
𝑠𝑟𝑒

(4.19)

Combining terms with similar integrals and writing the view factors in a slightly different manner
gives
365 𝑡𝑠𝑠

𝑌𝑡𝑜𝑡 = (𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽— 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾) ∑ ∫ 𝐺𝑜𝑛 𝜏𝑏 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑛=1 𝑡𝑠𝑟
𝑡

𝑠𝑠
+(𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽 + 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑠𝑟

365 𝑡𝑠𝑠

+𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝛾 ∑ ∫ 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑
𝑛=1 𝑡𝑠𝑟
365 𝑡𝑠𝑠𝑒

+(0.5 + 0.5 𝑐𝑜𝑠𝛽) ∑ ∫ 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 𝜏𝑑 𝑑𝑡𝑑
𝑛=1 𝑡𝑠𝑟𝑒
𝑡

𝑠𝑠𝑒
+(0.5𝜌 − 0.5 𝜌 𝑐𝑜𝑠𝛽) ∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (𝜏𝑏 + 𝜏𝑑 )𝑑𝑡𝑑
𝑛=1 ∫𝑡
𝑠𝑟𝑒

(4.20)

This equation clearly exhibits that five time integrals need to be determined. Each one of these
time integrals is varied as a function of the day of the year since the limits and the integrand of
the integrals are a function of the day.
Now all the equations necessary to calculate the annual solar energy impinging on a solar
panel at the clear-atmosphere level have been presented. The major equation that needs to be
solved is Equation (4.20). To solve Equation (4.20), Equations (3.10), (3.17), (3.19), (3.23), and
(3.26) are required. The solution of Equation (4.20) is done numerically.
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4.3. Equation Development for Optimum Orientation
4.3.1. Optimum Tilt Angle
In this section, an equation is developed to determine the optimum tilt angle for a fixed
solar panel, over a one-year course of time, for a given location, for a given azimuthal angle, for
the clear sky condition. The optimum orientation for a solar panel is the tilt and azimuthal
orientation that provide the maximum collected incident solar energy. To obtain the optimum tilt
angle the derivative of Equation (4.20) is taken with respect to the tilt angle for a given location
and azimuth angle of the panel. This derivative is set to zero and the equation is solved for the tilt
angle .
Putting the derivative symbols on Equation (4.20) and setting the left-hand side to zero
gives
𝑑

𝑡

𝑑

𝑠𝑠
𝑌 = 0 = 𝑑𝛽 {(𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽— 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 }
𝑑𝛽 𝑡𝑜𝑡
𝑠𝑟

𝑡

𝑑

𝑠𝑠
+ 𝑑𝛽 {(𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽 + 𝑠𝑖𝑛𝜙𝑠𝑖𝑛𝛽𝑐𝑜𝑠𝛾) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑 }
𝑠𝑟

𝑡

𝑑

𝑠𝑠
+ 𝑑𝛽 {𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝛾 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑 }
𝑠𝑟

+

𝑑
𝑑𝛽

𝑡

𝑠𝑠𝑒
{(0.5 + 0.5 𝑐𝑜𝑠𝛽) ∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 𝜏𝑑 𝑑𝑡𝑑 }
𝑛=1 ∫𝑡
𝑠𝑟𝑒

𝑡

𝑑

𝑠𝑠𝑒
+ 𝑑𝛽 {(0.5𝜌 − 0.5 𝜌 𝑐𝑜𝑠𝛽) ∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (𝜏𝑏 + 𝜏𝑑 )𝑑𝑡𝑑 }.
𝑛=1 ∫𝑡
𝑠𝑟𝑒

(4.21)

Taking these derivatives while ignoring any  dependence of 𝑡𝑠𝑟 and 𝑡𝑠𝑠 gives
𝑡

𝑠𝑠
0 = (−𝑠𝑖𝑛𝛽𝑠𝑖𝑛𝜙— 𝑐𝑜𝑠𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑠𝑟

𝑡

𝑠𝑠
+(𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝛾 − 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝛽) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑠𝑟

𝑡

𝑠𝑠
+𝑐𝑜𝑠𝛽𝑠𝑖𝑛𝛾 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑
𝑠𝑟

𝑡

𝑠𝑠𝑒
−0.5 𝑠𝑖𝑛𝛽 ∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 𝜏𝑑 𝑑𝑡𝑑
𝑛=1 ∫𝑡
𝑠𝑟𝑒

𝑡

𝑠𝑠𝑒
+0.5 𝜌 𝑠𝑖𝑛𝛽 ∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (𝜏𝑏 + 𝜏𝑑 )𝑑𝑡𝑑 .
𝑛=1 ∫𝑡
𝑠𝑟𝑒

(4.22)

Equation (4.22) has five terms and each one has the tilt angle 𝛽.
In the next steps this equation is rearranged and solved for 𝛽. Dividing both sides of
Equation (4.22) by 𝑠𝑖𝑛𝛽 and making use of 𝑐𝑜𝑡𝛽 gives
𝑡

𝑠𝑠
0 = (−𝑠𝑖𝑛𝜙— 𝑐𝑜𝑠𝜙𝑐𝑜𝑡𝛽𝑐𝑜𝑠𝛾) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑠𝑟
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𝑡

𝑠𝑠
+(𝑠𝑖𝑛𝜙𝑐𝑜𝑡𝛽𝑐𝑜𝑠𝛾 − 𝑐𝑜𝑠𝜙) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑠𝑟

𝑡𝑠𝑠
+𝑐𝑜𝑡𝛽𝑠𝑖𝑛𝛾 ∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑
𝑡

𝑠𝑠𝑒
−0.5 ∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 𝜏𝑑 𝑑𝑡𝑑
𝑛=1 ∫𝑡
𝑠𝑟𝑒

+0.5 𝜌

𝑡𝑠𝑠𝑒
∑365
𝑛=1 ∫𝑡𝑠𝑟𝑒 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (𝜏𝑏

+ 𝜏𝑑 )𝑑𝑡𝑑 .

(4.23)

Now all terms with 𝛽 are isolated on the left-hand side of the equation giving
𝑡

𝑡

𝑠𝑟

𝑠𝑟

𝑠𝑠
𝑠𝑠
365
𝑐𝑜𝑠𝜙𝑐𝑜𝑡𝛽𝑐𝑜𝑠𝛾 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 − 𝑠𝑖𝑛𝜙𝑐𝑜𝑡𝛽𝑐𝑜𝑠𝛾 ∑𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑 −

𝑡𝑠𝑠
𝑐𝑜𝑡𝛽𝑠𝑖𝑛𝛾 ∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑
𝑡

𝑡

𝑠𝑠
𝑠𝑠
365
= (−𝑠𝑖𝑛𝜙) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 + (−𝑐𝑜𝑠𝜙) ∑𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑 −
𝑠𝑟

0.5

𝑠𝑟

𝑡𝑠𝑠𝑒
∑365
𝑛=1 ∫𝑡𝑠𝑟𝑒 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 𝜏𝑑 𝑑𝑡𝑑

+ 0.5 𝜌

𝑡𝑠𝑠𝑒
∑365
𝑛=1 ∫𝑡𝑠𝑟𝑒 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (𝜏𝑏

+ 𝜏𝑑 )𝑑𝑡𝑑

(4.24)

Factoring 𝑐𝑜𝑡𝛽𝑐𝑜𝑠𝛾 gives
𝑡

𝑡

𝑠𝑟

𝑠𝑟

𝑠𝑠
𝑠𝑠
365
𝑐𝑜𝑡𝛽𝑐𝑜𝑠𝛾 [𝑐𝑜𝑠𝜙 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 − 𝑠𝑖𝑛𝜙 ∑𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑 −

𝑡

𝑠𝑠
𝑡𝑎𝑛𝛾 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑 ]
𝑠𝑟

𝑡

𝑡

𝑠𝑠
𝑠𝑠
365
= (−𝑠𝑖𝑛𝜙) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 + (−𝑐𝑜𝑠𝜙) ∑𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑 −
𝑠𝑟

0.5

𝑠𝑟

𝑡𝑠𝑠𝑒
∑365
𝑛=1 ∫𝑡𝑠𝑟𝑒 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 𝜏𝑑 𝑑𝑡𝑑

+ 0.5 𝜌

𝑡𝑠𝑠𝑒
∑365
𝑛=1 ∫𝑡𝑠𝑟𝑒 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (𝜏𝑏

+ 𝜏𝑑 )𝑑𝑡𝑑

(4.25)

To simplify the writing of Equation (4.25) the symbol fca (ϕ, γ) is used to represent the
terms in square brackets on the left-hand side of Equation (4.25). That is
𝑡

𝑡

𝑠𝑟

𝑠𝑟

𝑠𝑠
𝑠𝑠
365
𝑓𝑐𝑎 (𝜙, 𝛾) = 𝑐𝑜𝑠𝜙 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 − 𝑠𝑖𝑛𝜙 ∑𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

𝑡

𝑠𝑠
−𝑡𝑎𝑛𝛾 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑

(4.26)

𝑠𝑟

The functional notation on fca (ϕ, γ) comes from the integration limits. The subscripts on fca (ϕ, γ)

represent clear-atmosphere to differentiate this symbol from the symbol f𝑛a (ϕ, γ) used for the noatmosphere case. Now Equation (4.26) can be written as
𝑡

𝑡

𝑠𝑠
𝑠𝑠
365
𝑓𝑐𝑎 (𝜙, 𝛾)𝑐𝑜𝑡𝛽𝑐𝑜𝑠𝛾 = −𝑠𝑖𝑛𝜙 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 + −𝑐𝑜𝑠𝜙 ∑𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑠𝑟

−0.5

𝑡𝑠𝑠𝑒
∑365
𝑛=1 ∫𝑡𝑠𝑟𝑒 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 𝜏𝑑 𝑑𝑡𝑑

𝑠𝑟

+ 0.5 𝜌

𝑡𝑠𝑠𝑒
∑365
𝑛=1 ∫𝑡𝑠𝑟𝑒 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (𝜏𝑏

+ 𝜏𝑑 )𝑑𝑡𝑑 (4.27)

To isolate cotβ on the right-hand side, divide both sides of Equation (4.27) by fca (ϕ, γ)cosγ
giving
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−𝑠𝑖𝑛𝜙
365 𝑡𝑠𝑠
∑
)
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝜏𝑏 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑐𝑎 (𝜙,𝛾)𝑐𝑜𝑠𝛾

𝑐𝑜𝑡𝛽 = (𝑓

365 𝑡𝑠𝑠

𝑐𝑜𝑠𝜙
−(
) ∑ ∫ 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑓𝑐𝑎 (𝜙, 𝛾)𝑐𝑜𝑠𝛾
𝑛=1 𝑡𝑠𝑟

365 𝑡𝑠𝑠𝑒

0.5
−
∑ ∫ 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 𝜏𝑑 𝑑𝑡𝑑
𝑓𝑐𝑎 (𝜙, 𝛾)𝑐𝑜𝑠𝛾
𝑛=1 𝑡𝑠𝑟𝑒

0.5 𝜌

+𝑓

𝑐𝑎 (𝜙,𝛾)𝑐𝑜𝑠𝛾

𝑡

𝑠𝑠𝑒
∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (𝜏𝑏 + 𝜏𝑑 )𝑑𝑡𝑑 .
𝑛=1 ∫𝑡
𝑠𝑟𝑒

(4.28)

This is the equation that needs to be solved for the optimum tilt angle β. This equation will do this for any
value of γ. Of course it must be remembered that Equation (4.26) is required to solve for fca (ϕ, γ), Equation
(3.23) and (3.26) are required to solve for t sr and t ss , Equation (3.24) is required to solve for t sre and t sse,
Equation (3.10) is required to solve for Gon , Equation (3.7) is required to solve for cosθz , Equation (3.17)
is required to solve for δ, Equation (3.19) is required to solve for ω, Equation (4.1) is required to solve for
τb , and Equation (4.10) is required to solve for τd . On top of this some of these parameters require additional
equations. Thus, the solution of Equation (4.28) is not trivial.

4.3.2. Optimum Azimuthal Angle
Just like for the no-atmosphere level, symmetry arguments dictate that the optimum
azimuthal orientation of the solar panel is due south in the Northern Hemisphere and due north in
the Southern Hemisphere. For the Northern Hemisphere 𝛾 = 0𝑜 for the optimum orientation, and
for the Southern Hemisphere 𝛾 = 180𝑜 for the optimum orientation. Thus, for the best azimuthal
orientation, the equation determining the best tilt angle (Equation 4.28) becomes
𝑡𝑠𝑠
𝑠𝑖𝑛𝜙
) ∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝜏𝑏 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
(𝜙,𝛾)
𝑐𝑎

𝑐𝑜𝑡𝛽 = ∓ (𝑓

365 𝑡𝑠𝑠

𝑐𝑜𝑠𝜙
∓(
) ∑ ∫ 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑓𝑐𝑎 (𝜙, 𝛾)
𝑛=1 𝑡𝑠𝑟

365 𝑡𝑠𝑠𝑒

0.5
∓
∑ ∫ 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 𝜏𝑑 𝑑𝑡𝑑
𝑓𝑐𝑎 (𝜙, 𝛾)
𝑛=1 𝑡𝑠𝑟𝑒

𝑡𝑠𝑠𝑒
0.5 𝜌
∑365
𝑛=1 ∫𝑡𝑠𝑟𝑒 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (𝜏𝑏
(𝜙,𝛾)
𝑐𝑎

±𝑓

+ 𝜏𝑑 )𝑑𝑡𝑑 .

(4.29)

where the top sign is for the Northern Hemisphere and the bottom sign is for the Southern
Hemisphere. As for the no-atmosphere case the 𝛾 notation can be removed from the argument of
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𝑓𝑛𝑎 (𝜙, 𝛾) once the northern or Southern Hemisphere is chosen. Equation (4.29) is not much of a
simplification from Equation (4.28), but the best performance of a fixed solar panel is obtained
with Equation (4.29).
4.3.3. Clear-Atmosphere Optimum Orientation Equation Check
As a check on the correctness of Equation (4.28), this section shows that Equation (4.28)
reduces to the equation developed for the no-atmosphere level, Equation (3.43). To reduce
Equation (4.28) the transmittances and ground reflectivity in Equation (4.28) should be set to

and

𝜏𝑏 = 1,

(4.30)

𝜏𝑑 = 0,

(4.31)

𝜌 = 0.

(4.32)

Substituting these values into Equation (4.28) gives
𝑡𝑠𝑠
−𝑠𝑖𝑛𝜙
) ∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 (1)𝑠𝑖𝑛𝛿𝑑𝑡𝑑
(𝜙,𝛾)𝑐𝑜𝑠𝛾
𝑐𝑎

𝑐𝑜𝑡𝛽 = (𝑓

365 𝑡𝑠𝑠

𝑐𝑜𝑠𝜙
−(
) ∑ ∫ 𝐺𝑜𝑛 (1)𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑓𝑐𝑎 (𝜙, 𝛾)𝑐𝑜𝑠𝛾
𝑛=1 𝑡𝑠𝑟

365 𝑡𝑠𝑠𝑒

0.5
−
∑ ∫ 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (0)𝑑𝑡𝑑
𝑓𝑐𝑎 (𝜙, 𝛾)𝑐𝑜𝑠𝛾
𝑛=1 𝑡𝑠𝑟𝑒

𝑡𝑠𝑠𝑒
0.5(0)
∑365
𝑛=1 ∫𝑡𝑠𝑟𝑒 𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 ((1)
(𝜙,𝛾)𝑐𝑜𝑠𝛾
𝑐𝑎

+𝑓

+ (0))𝑑𝑡𝑑 .

(4.33)

Which reduces to
𝑐𝑜𝑡𝛽 = (𝑓

𝑡

−𝑠𝑖𝑛𝜙

𝑐𝑎 (𝜙,𝛾)𝑐𝑜𝑠𝛾

𝑠𝑠
) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 − (𝑓

𝑐𝑜𝑠𝜙

𝑐𝑎 (𝜙,𝛾)𝑐𝑜𝑠𝛾

𝑠𝑟

𝑡

𝑠𝑠
) ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑠𝑟

(4.34)

This can be written in terms of the tanβ as
𝑡𝑎𝑛𝛽 =

𝑓𝑐𝑎 (𝜙,𝛾)𝑐𝑜𝑠𝛾
𝑡𝑠𝑠
𝑡𝑠𝑠
365
−𝑠𝑖𝑛𝜙 ∑𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 −𝑐𝑜𝑠𝜙 ∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑠𝑟

.

(4.35)

At this time the equation for fca (ϕ, γ) needs to be substituted into Equation (4.35). Before
this is done the values in Equations (4.30) through (4.32) are substituted into Equation (4.26) to
give
𝑡

𝑡

𝑠𝑟

𝑠𝑟

𝑠𝑠
𝑠𝑠
365
𝑓𝑐𝑎 (𝜙, 𝛾) = 𝑐𝑜𝑠𝜙 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 − 𝑠𝑖𝑛𝜙 ∑𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

𝑡𝑠𝑠
−𝑡𝑎𝑛𝛾 ∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑
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(4.36)

Substituting Equation (4.36) into Equation (4.35) gives
𝑡
𝑠𝑟

𝑡
𝑠𝑟

𝑡
𝑠𝑟

𝑠𝑠
𝑠𝑠
𝑠𝑠
365
365
𝑐𝑜𝑠𝛾 {𝑐𝑜𝑠𝜙 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 −𝑠𝑖𝑛𝜙 ∑𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑 −𝑡𝑎𝑛𝛾 ∑𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑 }

𝑡𝑎𝑛𝛽 =

𝑡
𝑠𝑟

𝑡
𝑠𝑟

𝑠𝑠
𝑠𝑠
365
−𝑠𝑖𝑛𝜙 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 −𝑐𝑜𝑠𝜙 ∑𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

(4.37)
Writing Equation (4.37) as two terms like is done for Equation (3.43) gives
𝑡𝑎𝑛𝛽 =

𝑡
𝑡
𝑠𝑟
𝑠𝑟
𝑡𝑠𝑠
365 𝑡𝑠𝑠
−𝑠𝑖𝑛𝜙 ∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 −𝑐𝑜𝑠𝜙 ∑𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

𝑠𝑠
𝑠𝑠
365
𝑐𝑜𝑠𝛾 {𝑐𝑜𝑠𝜙 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 −𝑠𝑖𝑛𝜙 ∑𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑 }

−

𝑡
𝑠𝑟

𝑠𝑠
𝑐𝑜𝑠𝛾𝑡𝑎𝑛𝛾 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑
𝑡
𝑠𝑟

𝑡
𝑠𝑟

𝑠𝑠
𝑠𝑠
365
−𝑠𝑖𝑛𝜙 ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 −𝑐𝑜𝑠𝜙 ∑𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

.

(4.38)

𝑡

𝑠𝑠
Multiplying the numerators and denominators by − 1⁄𝑐𝑜𝑠𝜙 and 1⁄∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑠𝑟

and noting that 𝑐𝑜𝑠𝛾𝑡𝑎𝑛𝛾 = 𝑠𝑖𝑛𝛾 gives
𝑡𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑

{− 365 𝑡 𝑠𝑟
+𝑡𝑎𝑛𝜙}
∑𝑛=1 ∫𝑡 𝑠𝑠 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑠𝑟

𝑡𝑎𝑛𝛽 = 𝑐𝑜𝑠𝛾

𝑡𝑎𝑛𝜙 ∑365
𝑛=1

The factors

𝑡
∫𝑡 𝑠𝑠 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑠𝑟
+1
𝑡𝑠𝑠
∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑡
𝑠𝑟

𝑠𝑠
∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑

+

365 𝑡𝑠𝑠
𝑠𝑖𝑛𝛾 ∑𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑
𝑐𝑜𝑠𝜙∑365 ∫𝑡𝑠𝑠 𝐺 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡
𝑑
𝑛=1 𝑡𝑠𝑟 𝑜𝑛
𝑡𝑠𝑠
365
∑𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝑠𝑖𝑛𝛿𝑑𝑡𝑑
𝑡𝑎𝑛𝜙 365 𝑡 𝑠𝑟
+1
∑𝑛=1 ∫𝑡 𝑠𝑠 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑠𝑟

.

(4.39)

should be recognized to be 𝑓𝑛𝑎 (𝜙, 𝛾) as shown in Equation

(3.37). Substituting 𝑓𝑛𝑎 (𝜙, 𝛾) into Equation (4.39) and making some minor rearrangements gives

𝑡𝑎𝑛𝛽 = 𝑐𝑜𝑠𝛾

{−𝑓𝑛𝑎 (𝜙,𝛾)+𝑡𝑎𝑛𝜙}
𝑡𝑎𝑛𝜙𝑓𝑛𝑎 (𝜙,𝛾)+1

+

365 𝑡𝑠𝑠
𝑠𝑖𝑛𝛾 ∑𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑
𝑐𝑜𝑠𝜙∑365 ∫𝑡𝑠𝑠 𝐺 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡
𝑑
𝑛=1 𝑡𝑠𝑟 𝑜𝑛

𝑡𝑎𝑛𝜙𝑓𝑛𝑎 (𝜙,𝛾)+1

.

(4.40)

With some minor rearrangements this becomes
[𝑡𝑎𝑛 𝜙−𝑓𝑛𝑎 (𝜙,𝛾)]

𝑡𝑎𝑛𝛽 = 𝑐𝑜𝑠𝛾 [𝑓

𝑛𝑎 (𝜙,𝛾) 𝑡𝑎𝑛 𝜙+ 1]

𝑡

+

𝑠𝑠
∑365
𝑛=1 ∫𝑡𝑠𝑟 𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑
𝑠𝑖𝑛𝛾
,
𝑡𝑠𝑠
𝑐𝑜𝑠𝜙[𝑓𝑛𝑎 (𝜙,𝛾)𝑡𝑎𝑛 𝜙+ 1] ∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑
𝑛=1 ∫

(4.41)

𝑡𝑠𝑟

which is exactly Equation (3.43), the no-atmosphere optimum tilt angle equation. This provides
some evidence that Equation (4.28) is correct.

4.4. Maximum Energy Calculation
As another check on Equation (4.29), Equation (4.20) is solved for the total solar energy
incident on a solar panel for several panel tilts. These panel tilts are then plotted and the maximum
is found. This maximum is then comparted to the maximum obtained from Equation (4.29). The
results of this comparison are shown in Chapter 5.
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4.5. Numerical Solution Procedure
Because of the complexities in the previous equations, the only and best way to solve
them precisely is by using a numerical procedure. The day time which is between sunrise and
sunset for every day have to be divided into small increments so that the values of integrals in the
above equations can be determined accurately.
Like the no-atmosphere calculations, starting with the first day during the year, the first
equation solved is Equation (3.23), this is solved for both the sunrise hour angles and sunset hour
angles on the earth. In this thesis, the solution of Equation (3.23) is done with an iterative process
since the precise declination angle at a specific time of the day is not known. It is known that the
declination angle only varies slightly during the day; however, in this work this small change is
included in the calculations. Next, the hour angle when the sun first shines the solar panel and
the hour angle when the sun last leaves the solar panel, neglecting earth blockage effects, is
calculated from Equation (3.26) using a trial and error procedure. Then, a comparison between
the sunrise hour angles on the earth and the panel, as well as sunset hour angles on the earth and
the panel, is done. The highest value is taken as the sunrise hour angle and the lowest value is
taken as the sunset hour angle. This comparison is done for the beam radiation component only.
Equation (3.23) is used to calculate the sunrise hour angles and sunset hour angles on the earth
for the diffuse and ground reflected radiation components. The conversion of sunrise and sunset
hour angles to time is done using Equation (3.27).
Once the time of sunrise and sunset is determined, the integrals in Equation (4.28) that
need to be evaluated are
𝑡

𝑠𝑠
𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑜𝑛𝑒 = ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑠𝑖𝑛𝛿𝑑𝑡𝑑 ,
𝑠𝑟

𝑡

𝑠𝑠
𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑡𝑤𝑜 = ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑐𝑜𝑠𝜔𝑑𝑡𝑑 ,
𝑠𝑟

𝑡

𝑠𝑠
𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑡ℎ𝑟𝑒𝑒 = ∑365
𝑛=1 ∫𝑡 𝐺𝑜𝑛 𝜏𝑏 𝑐𝑜𝑠𝛿𝑠𝑖𝑛𝜔𝑑𝑡𝑑 ,
𝑠𝑟

𝑡

𝑠𝑠𝑒
𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑓𝑜𝑢𝑟 = ∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 𝜏𝑑 𝑑𝑡𝑑 ,
𝑛=1 ∫𝑡
𝑠𝑟𝑒

and

𝑡

𝑠𝑠𝑒
𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑓𝑖𝑣𝑒 = ∑365
𝐺𝑜𝑛 𝑐𝑜𝑠𝜃𝑧 (𝜏𝑏 + 𝜏𝑑 )𝑑𝑡𝑑 .
𝑛=1 ∫𝑡
𝑠𝑟𝑒

(4.42)
(4.43)
(4.44)
(4.45)
(4.46)

All of these integrals are determined using an accurate rectangular rule, numerical integration
technique with small time steps from sunrise to sunset. These integrals are calculated for every
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day during the year then the summation is done. The time step chosen for this work is 0.001
seconds. None of these five integrals takes on a zero value when accurate calculations are done.
When all the integrals in Equation (4.28) have been evaluated quantitatively, substitute
these numbers into Equation (4.28), along with the quantitative values for the time independent
angles latitude 𝜙, tilt 𝛽, and azimuth 𝛾. The value of the right-hand side of Equation (4.28) is
evaluated, the inverse tangent has been taken, and the new guess of the optimum tilt angle 𝛽 is
obtained. With this new estimated value of the tilt angle 𝛽, the process of solving Equation
(4.28) begins again and 𝛽 is updated once again. Equation (4.28) is solved until the calculated
value of tilt angle 𝛽 is within a small amount of the guessed value of tilt angle 𝛽. In this work
the angle 𝛽 is converged to 10-3.
To solve Equation (4.28) some input choices have to be made. Three of these are the
ground reflectivity, the climate used to calculate the transmissivities, and the elevation of the
location of the solar panel. In the results shown Chapter 5 of this thesis the ground reflectivity is
taken as an unchanging 0.2, the climate is taken as mid-latitude summer, and the altitude is
0.225 km above sea level.
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Chapter 5. Results

Results from the models developed in Chapter 3 and Chapter 4 of this thesis are
presented in this Chapter. In the first section of this chapter, results from the no-atmosphere
model are presented. In the second section, results from the clear-atmosphere model are
presented. The no-atmosphere results are compared to the rule-of-thumb results. The clearatmosphere results are compared to the rule-of-thumb results and the no-atmosphere results. This
provides the reader with a clear picture of the optimum tilt angles provided by all three of these
models. In the third section of this chapter, the results of the no-atmosphere and clearatmosphere models developed in this thesis are compared to direct energy calculations at the noatmosphere and clear-atmosphere levels. These are done as a check on the optimum tilt angle
models developed here. To find optimum tilt angles using energy calculations requires producing
results for many different tilt angles. By calculating a range of solar energy impingement values
at different tilt angles, optimum tilt angles can be determined. One simply has to look for the tilt
angle that provides the largest solar energy impingement. It is these values that are compared to
the optimum tilt angles calculated with no-atmosphere and clear-atmosphere optimum tilt models
developed in this thesis.

5.1. No-Atmosphere Results
The optimum azimuthal angle for a solar panel in the norther hemisphere is = 0o and in
the Southern Hemisphere it is = 180o. Any other value of the azimuthal angle will reduce the
energy impinging on the solar panel. For this reason the first optimum panel tilt results presented
in this section are those for = 0o and = 180o. These optimum tilt results are shown in Figure 6.
The no-atmosphere results shown in Figure 6 are determined using Equation (3.44) and any
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equations required to solve Equation (3.44). The rule-of-thumb results in Figure 6 are determined
from Equation (2.2). The results in Figure 6 are for an entire year without atmosphere effects.
The results from Equation (3.44) are shown as the red line in this figure and those from the
commonly used rule-of-thumb (Equation 2.2) are shown as the black line. The right-hand side of
the plot in Figure 6 displays results for the Northern Hemisphere when the solar panel is
orientated due south =0, and the left-hand side shows results for the Southern Hemisphere when
the solar panel is orientated due north, =180o.
The black line in Figure 6 is for results from the rule-of-thumb. This curve is nothing
more than a straight line with a slope of one. This line simply states that the value on the vertical
axis equals that on the horizontal axis. That is, the optimum panel tilt angle equals the latitude
angle. The no-atmosphere line is not quite as simple and shows deviations from the rule-ofthumb line. The differences between the rule-of-thumb results and the no-atmosphere results are
small between -40o and 40o, but increase at angles outside of this range.
While it is difficult to see, there is a small difference between the optimum tilt angle from
the rule-of-thumb and the no-atmosphere model at a latitude of 0o. The value of the optimum tilt
angle calculated using the no-atmosphere model is 0.638o, and that calculated with the rule-ofthumb is 0o. Moving north to higher latitudes, the results from the no-atmosphere model are
slightly higher than the rule-of-thumb until = 13o, at which point the no-atmosphere model and
the rule-of-thumb predict the same optimum tilt angle. Further north from this latitude, the noatmosphere results drop below the rule-of-thumb results and the deviation between the two
models becomes greater with higher latitudes, until finally reaching a maximum deviation at the
North Pole. The no-atmosphere results deviate gradually from the rule-of-thumb results, until the
latitude of the Arctic Circle, =66.56o, where the no-atmosphere results undergo rapid changes
in curvature. This behavior at the Arctic Circle occurs because of the sunrise and sunset behavior
at these high northern latitudes. For latitudes above the Arctic Circle, there is at least one twenty
four hour day and one twenty four hour night during the course of a year.
In the Southern Hemisphere, the no-atmosphere model always produces optimum tilt
angles less than the rule-of-thumb. The deviation in the optimum tilt angles calculated by these
two models continues to increase with more negative latitudes all the way to the South Pole. The
deviation becomes greater after the Antarctic Circle. The same type of behavior seen above the
Arctic Circle in the Northern Hemisphere, is seen below the Arctic Circle in the Southern
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Hemisphere. In general, the behavior of the results in the Southern Hemisphere mimics the
results in the Northern Hemisphere. Although, there are some small differences between the two
hemispheres that are interesting. These small differences start at the equator. When = 0o the
optimum tilt angle predicted by the no-atmosphere model is 0.638o. This means that a solar panel
should face due south at the equator. The rule-of-thumb model predicts the optimum tilt angle of
the solar panel should be 0o at the equator. This means the solar panel is horizontal and the
azimuthal orientation of the panel is immaterial. The nonzero value for the optimum tilt angle at
the equator predicted by the no-atmosphere model is generated because there is a phase angle
difference between the declination angle  and the extraterrestrial radiation Gon. Of course, this
type of complex behavior of the solar geometry is not included in the rule-of-thumb, but it is
included in the no-atmosphere model. The no-atmosphere model predicts an optimum tilt angle
of = 0o slightly into the Southern Hemisphere at = -0.671o. This difference, caused by the
phase angle difference between  and Gon, shifts all the no-atmosphere results slightly to the left
in Figure 6 and makes all of the Southern Hemisphere values slightly less than their
corresponding Northern Hemisphere values.
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Figure 6: Optimum tilt angle versus latitude for due south facing solar panels
in the Northern Hemisphere and due north facing solar panels in the
Southern Hemisphere.
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In addition to determining the optimum solar panel tilts for due south facing solar panels
in the northern hemisphere, and due north facing solar panels in the southern hemisphere (see
Figure 6) optimum solar panel tilts were determined for the westward orientated solar panels (see
Figure 7) and eastward orientated solar panels (see Figure 8). The most incident solar radiation is
captured when the azimuthal angle is due south or due north respectively, but it is still valuable
to know the optimum tilt angles when the azimuthal angle takes on a westward orientation or an
eastward orientation. This is done for both hemispheres. As is always done in the results
presented in this thesis, the Southern Hemisphere results are on the left-side of the vertical axis
and the northern hemisphere results are on the right-side of the vertical axis. Westward azimuthal
angles in the Northern Hemisphere run from just above 0o to 90o and in the Southern Hemisphere
run from 90o to just below 180o. Eastward azimuthal angles in the Northern Hemisphere run
from just above 0o to -90o and in the Southern Hemisphere run from just above 180o to 270o.
Both Figures 7 and 8 show only small differences in the optimum tilt angles when the
panel rotates its azimuthal orientation west or east from 0o to 45o. For of 60o or greater, larger
deviations in the optimum tilt angle start to show. All azimuthal angles, both west and east
orientations, come together at the north and south poles. All optimum tilt angles, for all
azimuthal angles, are 65.23o at the North Pole and 64.85o at the South Pole. This is a good,
because azimuthal angles should not make any difference at the poles. At the North Pole the only
direction available is south and at the South Pole the only direction available is north. The
differences in the optimum tilt angles for different azimuthal angles subside after the Arctic and
Antarctic Circles. The largest differences in optimum tilt angles, for different azimuthal locations
occur at absolute values of latitude from 20o to 50 o. In addition, the optimum tilt angle is not
symmetric in the Northern and Southern Hemispheres. Once again, this is due to the phase angle
difference between  and Gon, and all the curves shown in Figures 7 and 8 have the Southern
Hemisphere values being slightly less than the corresponding Northern Hemisphere values. This
can be described as simply moving the curves slightly to the left in Figures 7 and 8. Lastly, if the
results from Figures 7 and 8 are compared to the no-atmosphere results in Figure 6, it can be
determined that optimum tilt angles between the Antarctic Circle and the Arctic Circle in Figures
7 and 8 are smaller than those in Figure 6. For latitudes larger higher than the Arctic Circle in the
Northern Hemisphere and below the Antarctic Circle in the Southern Hemisphere this trend
reverses.
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Figure 7: Optimum tilt angle versus latitude for westward facing solar panels
in the Northern and Southern Hemispheres. The azimuthal angles, gamma,
are given in degrees.
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Figure 8: Optimum panel tilt versus latitude for eastward orientated

azimuthal angles in the Northern and Southern Hemispheres. The azimuthal
angles, gamma, are given in degrees.
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5.2. Clear-Atmosphere Results
In this section the effect of placing a clear-atmosphere between the sun and the surface of
the earth is studied. The clear-atmosphere optimum tilt angles for a one year time frame are
obtained from the equations shown in Chapter 4 for a clear-atmosphere. The primary equation
used is Equation (4.28), while Equation (4.29) can be used for solar panels orientated due south
in the Northern Hemisphere and due north in the Southern Hemisphere. A MATLAB code has
been developed to solve the required equations for clear-atmosphere optimum tilt angles.
Figure 9 shows the clear-atmosphere results for the Northern and Southern Hemispheres
when the azimuth angle is due south and due north, respectively. Also shown in Figure 9 are the
optimum tilt angles predicted by the no-atmosphere model and the rule-of-thumb. This plot
clearly shows that each of the three levels of modeling predict different optimum tilt angles. For
most latitudes, the highest optimum tilt angles are determined with the rule-of-thumb and the
lowest optimum tilt angles are predicted with the clear-atmosphere model. For latitudes between
0 o and 13o, this trend does not hold, but for latitude angles from -10o to 20o there is very little
difference in the optimum tilt angles predicted by all three models.
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Figure 9: Clear-atmosphere, no-atmosphere, and rule-of-thumb optimum tilt
angles versus latitude for due south facing solar panels in the Northern
Hemisphere and due north facing solar panels in the Southern Hemisphere.
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Just like the no-atmosphere model the clear-atmosphere model predicts a nonzero,
optimum tilt angle at the equator. At = 0o the optimum tilt angle determined by the clearatmosphere model is 0.548°. This compares to = 0.638o from the no-atmosphere model and

= 0o for the rule-of-thumb. The clear-atmosphere optimum tilt angle equals the rule-of-thumb
optimum tilt angle at a latitude of 6.2o as compared to 13o for the no-atmosphere optimum tilt
angle. Just like the no-atmosphere results, the clear atmosphere results are not symmetric around

= 0o. The is a slight shifting of the entire clear-atmosphere curve to the left in Figure 9. Once
again this is caused by the phase angle difference between  and Gon.
There are a few reasons for the differences between the clear-atmosphere results and the
no-atmosphere results. The first is that the clear-atmosphere model includes both diffuse and
ground reflected radiation, while the no-atmosphere model does not include these components.
The effect of including diffuse radiation in the optimum tilt angle model, is to lower the optimum
tilt angle. Diffuse radiation causes the panel to be tilted at a slightly smaller angle from the
horizontal plane compared to that optimum angle used to collect only beam radiation, so that the
panel’s view of the sky is larger. Ground reflected radiation has the opposite effect on the
optimum tilt angle, and causes the panel to be tilted at higher angles so that the panel can see
more ground. In general, if a low ground reflectivity is used,  = 0.2, the diffuse radiation wins
out and the optimum tilt angle of the solar panel is less than just beam radiation dictates. This has
been shown by Gugale [17] for tracking panels. The other difference between the clearatmosphere model and the no-atmosphere model is the magnitude of the beam radiation. The
beam radiation is always smaller in the clear-atmosphere model because the atmosphere absorbs
and scatters some of the solar radiation. This reduction in beam radiation means the other
components of solar radiation reaching the solar panel in the clear-atmosphere case, become a
little more important in determining the optimum tilt angle.
The yearly optimum tilt angles for westward and eastward orientated panels are shown in
Figures 10 and 11. Both the clear-atmosphere and the no-atmosphere optimum tilt angles are
shown. The clear-atmosphere optimum tilt angles are shown as blue solid lines and the noatmosphere optimum tilt angles are shown as red dashed lines. The azimuthal angles for both
atmospheric levels decrease as the curves become higher for the mid-latitudes. The azimuthal
angles are given in the captions below the figures. The results in Figures 10 and 11 clearly show
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that the clear-atmosphere optimum tilt angles are smaller than the no-atmosphere optimum tilt
angles. Thus the atmosphere has the effect of reducing optimum tilt angles, no matter what the
value of the azimuthal angle. Although the deviations increase for more westward or eastward
orientations.
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Figure 10: Comparison between no-atmosphere and clear-atmosphere
optimum tilt angles for westward orientations of azimuthal angles. For both
the no-atmosphere and clear atmosphere results, the azimuthal angles
included in the plot are 75o, 60o, 45o, 30o, and 15o for the Northern
Hemisphere and 255o, 240o, 225o, 210o, and 195o for the Southern
Hemisphere going from the lowest curve to the highest curve at a latitude of
40o.
Focusing on the clear-atmosphere results in Figures 10 and 11 it can be seen that the
azimuthal orientation of the panel has a noticeable effect on the optimum tilt angles. Azimuthal
angles pointing more westward or more eastward result in lower optimum tilt angles. This same
trend is seen in the no-atmosphere results as well, but the clear atmosphere results seem to
magnify this dependence. The reason for this is the longer path length the solar radiation must
travel through the atmosphere near sunset and sunrise. The westward and eastward orientations
obtain a greater fraction of their total solar energy during these times and thus have a longer,
yearly average path length than those azimuthal panel orientations that obtain a greater fraction
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of their total yearly solar radiation around solar noon. The longer the path length through the
atmosphere the great the atmospheric effect. The greater the atmospheric effect the larger the
diffuse component and the smaller the beam component of the solar radiation. More diffuse
radiation relative to beam radiation causes the optimum panel tilt angle to be smaller. It can also
be noticed that all the clear-atmosphere optimum tilt angles converge to the same values at the
northern and southern poles. While each pole has a slightly different value, they both are close to
57o. Finally, just like the no-atmosphere results, the optimum tilt angle is not symmetric in the
Northern and Southern Hemispheres. This is a small difference that happens because of the
phase angle between the declination angle and the extraterrestrial radiation.
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Figure 11: Comparison between no-atmosphere and clear-atmosphere
optimum tilt angles for eastward orientations of azimuthal angles. For both
the no-atmosphere and clear atmosphere results, the azimuthal angles
included in the plot are -75o, -60o, -45o, -30o, and -15o for the Northern
Hemisphere and 105o, 120o, 135o, 150o, and 165o for the Southern
Hemisphere going from the lowest curve to the highest curve at a latitude of
40o.
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5.3. Energy Calculation Results
The main goal of this project is to provide equations to calculate the optimum tilt angle,
for a fixed solar panel, over a one year time frame, at both the no-atmosphere (see Equation 3.43)
and clear-atmosphere (see Equation 4.28) levels. To check the accuracy of these equations, the
total energy impinging on the panel for a range of optimum tilt angles can be calculated from
Equation (3.22) for the no-atmosphere level and Equation (4.20) for the clear-atmosphere level.
The same results should be obtained either way. It is felt that solving Equations (3.43) or (4.28)
once, as opposed to solving Equations (3.22) or (4.20) several times over a range of tilt angles is
the better way to perform this optimization routine; however, both methods are valid. The
solution of Equations (3.22) and (4.20) was done for a few latitudes and azimuthal angles; and
the results are shown below.

5.3.1. No-Atmosphere Energy Calculation
Figures 12 through 18 show plots of the solar energy impinging on a solar panel tilted at
the angle shown on the horizontal axis for the no-atmosphere level. The curves in all of these
Figures have a parabolic shape and all display a maximum energy flux at single tilt angle. The
point of maximum energy is marked with a red dot. For some figures, this maximum energy is
more pronounced than others. Some of the energy ranges shown along the vertical axis are quite
small. Both Figure 12 and Figure 13 have small energy ranges on the vertical axis. These small
energy ranges allow for a higher resolution on the optimum tilt angle. So that the reader can
compare the optimum tilt angle values obtained by solving the no-atmosphere energy equation
(Equation 3.22) to the optimum tilt angles obtained by solving the optimum tilt angle equation
(Equation 3.43), Table 5 has been prepared. This table shows that exactly the same values of
optimum tilt angles are obtained using either equation. This provides a great deal of confidence
in the newly derived optimum tilt angle equation (Equation 3.43) given in this thesis. It should be
noted that the significant figures given in Table 5 are the level of preciseness with which these
calculations have been performed.
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Figure 12: The no-atmosphere amount of solar energy flux impinging on a
solar panel over a one year time frame as a function of the panel tilt angle
for  = 0o and  = 0o.
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Figure 13: The no-atmosphere amount of solar energy flux impinging on a
solar panel over a one year time frame as a function of the panel tilt angle
for  = 40o and  = 0o.
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Figure 14: The no-atmosphere amount of solar energy flux impinging on a
solar panel over a one year time frame as a function of the panel tilt angle
for  = -50o and  = 180o.
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Figure 15: The no-atmosphere amount of solar energy flux impinging on a
solar panel over a one year time frame as a function of the panel tilt angle for
 = 40o and  = 60o.
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Figure 16: The no-atmosphere amount of solar energy flux impinging on a
solar panel over a one year time frame as a function of the panel tilt angle for
 = 30o and  = -15o.
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Figure 17: The no-atmosphere amount of solar energy flux impinging on a
solar panel over a one year time frame as a function of the panel tilt angle for
 = -50o and  = 120o.
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Figure 18: The no-atmosphere amount of solar energy flux impinging on a
solar panel over a one year time frame as a function of the panel tilt angle for
 = -50o and  = 240o.

Table 5: Comparison of no-atmosphere optimum tilt angles obtained from a
single solution of the optimum tilt angle equation and multiple solutions of the
impinging solar energy equation.
, degrees

, degrees
0

Optimum Tilt Angle
from Equation (3.43)
0.638

Optimum Tilt Angle
from Equation (3.22)
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28.637

120

-50

43.4

43.4

240

-50

43.386

43.386

58

5.3.2. Clear-Atmosphere Energy Calculation
Figures 19 through 25 show plots of the solar energy impinging on a solar panel tilted at
the angle shown on the horizontal axis for the clear-atmosphere level. Once again, the curves in
all of these Figures have a parabolic shape and all display a maximum energy flux at single tilt
angle. The point of maximum energy is marked with a red dot. All of these figures have a fairly
small range of energies and thus the resolution of the optimum tilt angle is quite precise. So that
the reader can compare the optimum tilt angle values obtained by solving the no-atmosphere
energy equation (Equation 4.20) to the optimum tilt angles obtained by solving the optimum tilt
angle equation (Equation 4.28), Table 6 has been prepared. This table shows that exactly the
same values of optimum tilt angles are obtained using either equation. This provides a great deal
of confidence in the newly derived clear-atmosphere, optimum tilt angle equation (Equation
4.28) given in this thesis.
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Figure 19: The clear-atmosphere amount of solar energy flux impinging on a
solar panel over a one year time frame as a function of the panel tilt angle
for  = 0o and  = 0o.
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Figure 20: The clear-atmosphere amount of solar energy flux impinging on a
solar panel over a one year time frame as a function of the panel tilt angle
for  = 40o and  = 0o.
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Figure 21: The clear-atmosphere amount of solar energy flux impinging on a
solar panel over a one year time frame as a function of the panel tilt angle
for  = -20o and  = 180o.
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Figure 22: The clear-atmosphere amount of solar energy flux impinging on a
solar panel over a one year time frame as a function of the panel tilt angle
for  = 40o and  = 30o.
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Figure 23: The clear-atmosphere amount of solar energy flux impinging on a
solar panel over a one year time frame as a function of the panel tilt angle
for  = 50o and  = -45o.
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Figure 24: The clear-atmosphere amount of solar energy flux impinging on a
solar panel over a one year time frame as a function of the panel tilt angle
for f = -40o and g = 240o.

2922.872
2922.871

Energy, MW/m2

2922.87

2922.869
2922.868
2922.867
2922.866
2922.865
2922.864
2922.863
2922.862
2922.861
8.35

8.4

8.45

8.5
8.55
8.6
Tilt Angle, degrees

8.65

8.7

8.75

Figure 25: The clear-atmosphere amount of solar energy flux impinging on a
solar panel over a one year time frame as a function of the panel tilt angle
for  = -30o and  = 105o.

62

Table 6: Comparison of clear-atmosphere optimum tilt angles obtained from
a single solution of the optimum tilt angle equation and multiple solutions of
the impinging solar energy equation.
, degrees

, degrees

Optimum Tilt Angle
from Equation (4.28)

Optimum Tilt Angle
from Equation (4.20)
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Chapter 6. Conclusions

The main aim of this project is to show whether the standard recommendation for
orientating the fixed solar panel is exactly true or it is an approximation. A rule-of-thumb to
orientate fixed solar panels for optimum annual collection of solar radiation that is not influenced
by the atmosphere is to face the panel due south in the Northern Hemisphere or due north in the
Southern Hemisphere and to tilt the panel from the horizontal plane at an angle equal to the
latitude of the location of the solar panel. To obtain the optimum tilt angle, an equation to
calculate the yearly optimum tilt angle for a fixed solar panel has been developed without
including the effect of atmosphere. This tilt angle will collect the most solar energy over a oneyear time frame. This equation has been solved by using a computer program to obtain the
results. The results show that the calculated optimum tilt angle for fixed solar panel over a year is
not equal to the latitude of the solar panel. There is small deviation between the optimum tilt
angle and the latitude at the lower latitude, and this deviation is going to increase while we are
moving toward the northern or southern poles, where the deviation is going to be maximum.
The developed equation is able to calculate not only the optimum tilt angle when the
solar panel is due south in the Northern Hemisphere and due north in the Southern Hemisphere,
but also it could calculate the optimum tilt when the panel moves toward the west or toward the
east. This equation finds the optimum tilt angle with any orientation for the solar panel while the
rule-of-thumb is just for due south or north. The results show that the deviation increases as the
surface azimuth angle moves from due south in the Northern Hemisphere or moves from due
north in the Southern Hemisphere. The results show also that values of the optimum tilt angle for
different azimuth angles converge to the same point at the north and south poles where there is
no effect for the azimuth angle. Finally, the results show that the amount of the tilt angle at the
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equator is not equal to zero. The solar panel still needs to be tilted by about 0.6-degrees due
south at the equator to obtain the maximum energy from the sun.
In order to convince the audience and make people confident about the results, an energy
calculation has been done over each year for several locations: the equator and Northern and
Southern Hemispheres. This calculation estimates the amount of energy for many tilt angles
including the optimum tilt that was obtained by our analysis and for different orientation of the
azimuth angle. The maximum energy has been achieved at the optimum tilt angle when the panel
is due south or north. This is a very significant indicator to confirm the reality of our analysis.
Furthermore, an equation to evaluate the yearly optimum tilt angle for a fixed solar panel
including the effect of clear atmosphere has been developed in this project. This analysis
includes the effect of reflection radiation by the ground and doesn’t include the cloud effect. We
do believe that this is the first analysis that has been done to calculate the optimum tilt angle for
clear sky. Like the result of no-atmosphere level of calculation, the result of clear atmosphere
analysis shows that there is a small deviation between the optimum tilt angle and latitude of the
location of a solar panel. This deviation is going to increase while we are moving towards the
northern and southern poles. As a comparison between the no-atmosphere and clear atmosphere
results, we found that the deviation is increased when the atmosphere effect has been inserted in
our calculation.
Also, the optimum tilt angle for a fixed solar panel has been evaluated when we need to
orientate our panel towards the east or the west. The results show that more deviation occurs
when azimuth angle moves from due south in the Northern Hemisphere or due north in the
Southern Hemisphere. The results also show that this deviation increased when we inserted the
effect of the clear atmosphere in our analysis. The optimum tilt angle for clear atmosphere has
been evaluated when the bdandThe results are equivalent to the result from the
no-atmosphere results.
In general, the results show that the yearly optimum tilt angle is not equivalent to the
latitude, which means that the rule-of-thumb is not exactly true, and it is an approximation.
According to the literature review, there are many investigators that have calculated the optimum
tilt angle for various locations around the globe. Almost all of these investigators agree with the
results that the optimum tilt angle deviates from the latitude. Also, many of these investigators
show that this deviation increases with higher latitudes. The investigators’ results and our results
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show the same trend of relationship, even though that the numbers of the optimum tilt is not
equal but the trend is still the same. The only difference between the result of this work and the
investigators’ result is that the investigators said that this deviation is caused by the cloud effect.
But we obtained our results with clear atmosphere and we still notice that deviation. we also
showed that this deviation exists with no-atmosphere calculation. We don’t believe that the cloud
effect does not exists, but we believe that it is not the only effect that is responsible for the
deviation. Along with the two developed equations in this work, another contribution of this
work finds that the deviation between the optimum tilt angle and the latitude is caused by the
geometrical effect between the earth and the sun. This geometrical effect is shown in the noatmosphere result. This geometrical effect is also responsible for orientating the solar panel at the
equator due south.
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